



MECHANICS 


nv 

SIR ROBERl STAWELL BALL 

LL.D., K.R.S. 


LOWMt^tAH rnorms-Kott or avtronomv in tnb uwivK.RSfTV or camuuooc 


\r/:rr IMPRESSION 


LONGMANS, GREEN, AND CO. 

39 PATERNOSTER ROW, LONDON 
NEW YORK AND BOMBAY 
1899 


Atl rigkta ratar^ad 








EDITORS’ PREFACE. 


Notwithstanding the large number of scientific 
works which have been published within the last few 
years, it is very generally acknowledged by those who 
are practically engaged in Education, whether as 
Teachers or as Examiners, that there is still a want of 
Books adapted for school pur]K)ses ujx>n several 
important branches of Science. The ])rcsent Series 
will aim at supplying this deficiency. 7'hc works 
comprised in the Serie.s will all be composed with 
special reference to their use in school -teaching ; but, 
at the same time, particular attention will l>c given 
to making the information contained in them tnist- 
worthy and accurate, and to presenting it in such a 
way that it may serve as a basis for more advanced 
study. 

In conformity with the special object of the Series, 
the attempt will be made in all cases to bring out the 
educational value which properly belongs to the study 
of any branch of Science, by not merely treating of its 
acquired results, but by explaining as fully as possible 
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the nature of the methods of inquiry and reasoning 
by which these results have been obtained. Conse- 
quently, although the treatment of each subject will 
be strictly elementary, the fundamental facts will be 
stated and discussed with the fulness needed to place 
their scientific signihcance in a clear light, and to 
show the relation in which they stand to the general 
conclusions of Science. 

In order to ensure the efficient carrying-out of the 
general scheme indicated above, the Editors have 
endeavoured to obtain the co-operation, as Authors 
of the several treatises, of men who combine sp>ecial 
knowledge of the subjects on which they write with 
practical experience in 'reaching. 

'Fhe volumes of the Scries will be published, if 
possible, at a uniform price of is. 6d It is intended 
that eventually each of the chief branches of Science 
shall be represeiiied by one or more volumes. 

G. C. F. 

P. M. 



AUTHORS PREFACE. 


In the earlier chapters of this book I have occasion- 
ally adopted the methods vised by Delaunay in his 
well known ‘ Cours EMmentairc dc Mecaniijue/ Not 
a few of the illustrations have been derived from the 
same source. 

The question of units naturally demands a few 
words of cxiilanation. I am fully sensible of the 
great advantages of the method of expressing forces 
in absolute measure, but still 1 have not thought it 
wise to adopt that method. My exjKrrience in teach- 
ing mechanics to beginners is decidedly against such 
a course. Mechanics cannot be taught without con- 
stant reference to physical illustrations and to ordi- 
nary machines and contrivances. Even if the teacher 
emnmences with the determination to recognise no 
force but so many dytus or poundals (or whatever 
the unit may be called), he can hardly continue con- 
sistent. He will often be tempted to speak of the 
force overcome by a lever or a pulley as so many 
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p>ounds or tons, and thus a sort of double stSindard 
is set up, which is most undesirable- I have adopted 
the gravitation of one pound as the unit of force, 
and I have endeavoured to use this unit consistently. 

Robert S. Ball. 

Observatory, Dunsink, Co. Dublin . 
yanuiiry i, 1883. 
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MECHANICS. 


CHAPTKR I. 

PRELIMINARY NOTIONS ON MOVEMENT. 

§ I. Introduction. — It will he found, as we pnx'ecd 
in the study of Mechanics, that this science is intim* 
ately connected with the varied phenomena known 
generally by the term Our ordinary ex|X!- 

rience presents us with a thousand different forms of 
movement, and obviates the necessity of attempting 
any rigorous definition of that term. The movements 
of our own bodies and those of other animals, of 
vehicles ami machineiy*, of the clouds and the 
heavenly bodies, are sufficient illustrations of the kind 
of phenomena to which wc refer. It may perhaps be 
thought that the objects we have mentioned arc 
80 exceedingly diverse in their character, and that 
the nature of their movements are so complicated 
and so various, that it would be im)K> 8 sible to 
find any common feature which pervades them 
alL What, for example, is the common feature in 
the movement of a ^oud and the movement of a 
cricket'ball? Yet they have a common feature^ for 

B 
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each of them is in the act of changing the position 
which it occupies. 

When once it has been recognised that there is a 
common feature in all cases of movement, the first 
step has been taken towards understanding the classi- 
fication of different kinds of movement. It remains 
to consider some of the different ways in which it is 
possible for an object to change its position. 

§ 2. TTniform Motion. — Take first a very simple 
example. Imagine a level and straight railway, along 
which a train is travelling, and let us also add the 
supposition that the train is moving uniformly. By 
moving uniformly we mean that the train is steadily 
maintaining a rate of so many miles per hour or so 
many yards per second. In this case, regarding the 
engine and the entire train as a single object, we have 
the most simple case of motion which can be con- 
ceived, i.e. the uniform jn<roemmt of a?t object in a 
straight line. 

If the mil way be not straight, but have curves 
and inclines (as in fact all railways have), then the 
motion of the train will be cunilincar. So long as 
the speed of the train is uniform, we have the case of 
the uniform nun^emcnt of an object in a cun tii line. 

In the case of the uniform movement of an object 
either in a straight line or in a curved line the distance 
travelled is doubled when the time is doubled, or is 
tripled when the time is tripled, or in general the 
distances accomplished are proportional to the times 
which hate been employed. It is thus easy to solve such 
problems as the following, relating to uniform mo* 
Uon. 
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^ Being given the distance travelled in a s|>ecihed 
interval of time (for example, a mile in a minute), to 
find the distan<'e passed over in any other s|>ecified 
interv^al of time (for example, an hour). 

2» Being given the distance travelled in a specified 
interval of time (for example, four miles in an hour), 
to find the time which wouUl be necessary to accom- 
plish any other si>ecified distiince (for example, twen?> 
miles). 

In the first case it is obvious that if an object 
moves over a mile in a minute it will be able to 
accom[)lish sixty miles in an hour, provided the same 
rate of travelling is maintained. 

In the second < ase. if the object moves at the rate 
of four miles per hour it will accomplish twenty miles 
in a i)eri(xl of five hours. 

By an application of the ordinary rule of three wt 
are enabled to solve many other i^ucstions which may 
be proposed in which uniform motion is considered. 
For example, a steamer travels 720 miles in three 
days, how muc h w’iil it accomplish in a week ? The 
answer is readily found to be 1,680 miles. Or con- 
versely, we should find that a steamer which re<|uired 
seven days to move through 1,680 miles would traverse 
720 miles in three day.s. 

§ 3- Velocity. — I'he v^heity of a body moving 
uniformly is the di start ee udtich the body trai erses in 
an ifitert'a/ &/ time udiieh is chosen arbitrarily as the 
unit. For example, we may say that a railway train 
is moving with a velocity of sixty miles an hour, or of 
a mile a minute. 

If we know* the distance w hich the body travels in 
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a given time when moving uniformly, then can 
find the vel<x:ity with which the body is travelling by 
dividing the distance travelled by the time the journey 
has occupied. So also, when we know the velocity 
with which the body is moving, it is easy to calculate 
either the distance whit h can be accomplished in a 
given time, or the time which will be required to 
travel a given distance. 

S Examples. .Adopting the second as the unit 
of time, then a body whit h moves over a distance of 
9,630 feet in one minute and a half has a velocity of 
9,630—90=5=107 feet per second. 

Conversely, a body whit h is moving with the uni- 
form velocity of 107 feet per second will in one minute 
and a half accomplish a tlistnnce et|ijal to 107 x 90= 
9,630 feet ; or if the distance were given, then the 
time which would be reciuired would l>e 9,630-5-107 = 
90 seconds. 

If the velocity be twelve yards per minute, what 
space will be accomplished in three hours fifteen 
minutes ? We solve this problem by multiplying the 
given lime in minutes into the velocity ; and the 
answer is therefore 195 x 12 = 2,340 yards. 

The explosion of a cannon is heard seven seconds 
after the Hash is seen, and the distance of the cannon 
is known to be 7,700 feet ; determine the velocity with 
which sound travels. We see at once that the sound 
travels in one second over a distance of 7,700-4-7^ 
1,100 feet, which is, tlierefore, the required answer. It 
should be remarked that w'e have here supposed that 
the light from the flash travels with such velocity that 
the time it occupies is inappreciable. 
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} 5. Orduuury Units. — The units of length and of 
time most commonly employetl in England are the 
foot and the second. There are, however, several other 
units in occasional use, but these can be all ulti- 
mately reduced to the foot and the second. The 
units actually chosen de|>end upon the magnitudes 
of the fpiantities to be estimated, the degree of pre- 
cision which is required, and the actual proces.ses 
employed in the measurement. 

§ 6. Uniform Moyement of IRotation. — When a 
wheel is rotating round its axis, the number of com- 
plete rotations accomplished in a given time expresses 
the rapidity with which the wheel is turning. I^t 
A B D (fig. i) be the circumference of Fit., i. 

the wheel, whicli is revolving about 
the fixed centre and let the ra- ^ 
dius A c be the direction of one of / 
the spokes of the wheel. As the I 
wheel revolves, the radius a c is, of 
course, carried with the wheel, and 
is thus moved into positions B c, i> c, which arc 
inclined to the original position by gradually in- 
creasing angles. We can thus say that one fourth 
of a complete rotation of the wheel is equivalent 
to an angular displacement of one right angle, or 
of 90® ; half a revolution is an angular displacement 
of 180®, and a whole revolution is an angular dis- 
placement of 360®. 

The number of degrees through which the wheel 
has turned, or the number of complete revolutions 
which it has accomplished, will express clearly the 
amount of angular displacement which the wheel 
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hai undergofte. Tht movement of fotatim is sSd to 
be uniform when the angular displacement is propor- 
tional to the time, whatever the duration of tltat time 
may he. 

A simple illustration will explain the necessity of 
the last clause. The second-hand of a clock accom- 
plishes one complete rotation in one minute, two 
in two minutes, three in three minutes, and so on. 
It thus appears that the number of whole rotations 
is strictly proportional to the time, but the motion is 
still not uniform, for the second-hand moves by 
jerks, and the angles described in very short inter- 
vals of time are therefofc not proportional to those 
times. 

§ 7. Angular Velocity. — The angular velocity of 
a uniform movement of rotation is the angular dis- 
placement which is accomplished in that specified 
interval of time which is taken as the unit. We can 
thus cxj)ress the 'angular velocity in various ways ; for 
example, we may take the number of degrees moved 
through in a second, or the numl)CT of complete revo- 
lutions which are made in .1 minute. 

In the majority of onlinary cases, such as the 
toothcnl wheels used in machinery and the fly-wheels 
of steam-engines, the angular velot ity is usually ex- 
pressed by the number of rotations accomplished 
in a minute. When the angular velocity is expressed 
in this way, it is easy to find the total number of 
rotations accomplished m a given time ; for it is 
only necessary to reduce the given time to minutes 
and to multiply the result by the number expressing 
the velocity. 
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Angular Velocity. 

The various questions that may arise with re8|>ect 
to uniform angular velocity involve three qiuntities, via.> 
I St, a specified interv al of lime ; ind, the total number 
of rotations accomplished in that time ; 3rd, the 
number of rotations accomplished in the unit of time. 
When afty two of these quantities are known, then the 
third can be found by ordinary arithmetic. 

Suppose a wheel roUiting tinifornily makes ten 
revolutions per minute ; then in an hour it will have 
made 600 rotations, and it will require ten minutes 
to accom])lish 100 rotations. It will require one- 
tenth of a minute, or six seconds, to accomplish one 
rotation, and in one second it will have accom- 
plished one-sixth of a rotaiit)n. In one second the 
angular displacement of the wheel will be 60®, and 
this is, therefore, the angle through which each ra<iius 
of the wheel turns in one second. 

§ 8. Velocity of a point in a rotating body. — 
When a wheel is rotating, every j)oint in the circum- 
ference of the wheel desc ribes a c ircle of which the 
centre of the wheel is the centre.. So, in general, 
whenever a body is rotating around a fixed axis, eve»'y 
point in the body describes a circle of which the centre 
lies in the fixed axis. As we can calculate the length of 
the circumference of the circle by the ordinary rule, 
we are able to ascertain the actual distance through 
which a point in the bexly moves. If, therefore, we 
know the number of rotations which the Xmdy makes 
in a minute, we are enabled to ascertain the actual 
distance traversed by each |>art of the body in a 
minute, and therefore the velocity of the point becomes 
known. 
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“§ 9. Uustratiim. — The principles to which we 
have here referred are very well illustrated by a use- 
ful mechanical appliance, known as the endless smv 

(fig. 2). This machine 
consists essentially of two 
drums, over which passes 
a flat and flexible steel 
band, of which one edge 
is notched to form a 
saw. One of the two 
drums is turned round by 
a steam-engine, or some 
other source of power. 
This causes one side of 
the saw to move upwards 
and the other to move 
downwards. Against the 
descending portion of 
the saw the piece of 
wood is pressed which is 
to be cut 

As the steel band 
does not slip on the drums w’hen the machine is 
running properly, the velocity of the steel band is 
equal to the velocity of the circumference of the 
drum. 

To calculate the velocity of the endless saw we 
ghall assume that the circumference of the driving drum 
is one yard and that it makes fifty revolutions per 
minute. 

In one minute a point on the circumference of the 
drum will move over a distance of 3 x 50 = 1 50 feet; 
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aiid«^€3«fore the velocity is 150 feet per minitte, or 
2*5 feet per second. 

{ 10. Oaometrieal BepresentatioB of Haiferni 
Motion. — It is often convenient to represent the 
motion of a point by a 
construction. Draw two 
straight lines o x, o y 
(fig. 3), intersecting each 
other at right angles in 
the point o. 

We may adopt any 
convenient scale for 
expressing the distances 
and times. Let o a 
denote the distance 
traversed in the time which is represented by the line 
A p, drawn parallel to o y, and therefore perpendi- 
cular to o X. Join o p, then the time occupied in 
describing any given distance, o b, can l^e readily 
found by drawing n q parallel to o v, and applying 
our adopted scale to determine the lime equivalent 
to B Q. 

For the triangle's o b q and o a n are similar, and 
therefore 

OB : O A :: B Q : A P ; 

hence it follows that the condition characteristic of 
uniform motion, namely, that the distance is profxjr- 
tional to the time, is fulfilled. 

The same construction will enable us easily to 
determine the space which will be described in a given 
time; for mark off on o y a distance o h, which repre- 
sents the given time, and draw through u a line, H a. 
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parallel to ox. From r let fall B c perpendiAilar 
upon o X, then the distance o c is obviously the re- 
quired length- 

It is thus easy to determine the velocity, for if the 
distance o h be taken as the unit of time, then o c 
will be the distance described in the unit of time, i.e. 
the velocity. 

It will thus be seen that the inclination of the line 
o p to o X depends upon the velocity of the motion. 
'Fhe smaller that inclination the greater the velocity, 
and vicf versi\. 

Exam im.ks, 

I. If a railway train moves lo yards per second, how far 
will it travel in half an hovir ? Ans. : lo miles 400 yards. 

2 If a horse travels 9 miles in 57 minutes, what is his velo- 
city in feet per second? Atts. ; 13*9. 

3. I'ht' tliameter of a circus is 10 yards, and a horse goes 
round it ice in a minute, what distance will he accomplish in 
a quarter of an hour? Atts, ; 2S27’4 feet. 

4. Two st.ations arc 9 miles apart. A train starts at the 
same time from each station at the rate of 15 and 25 miles 
per hour resj>cctively. How soon will they meet and how far 
will the <juickest train h.ave travelled? Ans. ; 13 min., 30 sec.; 
5*625 miles. 

5. 'rhe tly-whet'l of an engine makes four revolutions per 
minute, its circumference is 50 feet. Determine the distance 
Iravelleil hy a point on its circumference in one second? An 4 , : 
3 feet, 4 inches. 

6. If a lx>dy move over a distance of 15 feet in 9 seconds, 
determine hy a gc<»mctrical construction the time the body will 
take to move 7 feel. Ahs. In fig. 3, a distance OA of 15 
inches is to be measured, and a |:ieT|>endicular a p of 9 inches is 
drawn. Join o r and mark off a distance o r equal to 7 inches. 
Erect a peq>e«dicular B q to the line o a. Then, by measur- 
ing B Q it will Ik? foun<l lo l>c 4I inches long, and consequently 
the requireil answer is 4^ secemds. 
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a Ixxly move over a distance of 200 feet in a minute 
and a half, determine by a geometrical construction the distant e 
the Ixxly will move in one minute. Amx. In making the con* 
slruction it will be necessary to choose the units !r» that the* 
figures shall have convenient dimensions. We shall in this case 
take one horizontal inch in our figure to corrt^poiul to lO feci 
In the problem, and one vertical inch in our figure to correspond 
to 10 seconds in the problem. Mark off a distance o A equal 
to 30 inches, and a distance A p equal to 9 inches ; join o r. 
Draw o h equal to 6 iiiches, and then draw 11 r parallel to o a. 
l^t fall R c perpendicular upon o A, and measure the distance 
o c. It will he found equal to 13-3 inches, and hcncc it follows 
that the answer is 13*3 k 10 “ 133 feet. 

8. If be the diameter of the wheels in the machine 

showm in fig. 2, anti if n be the numlxr of rotations |>eT 
minute, determine the velocity of the saw expresseil in feet per 
secontl. A MS, The circumference of the wheel is 2a</ ■+• 7, 
and the distance moved in one minute is then 22W 7. 

The velocity t»f the saw j)cr secontl is therefore 22ntf 420. 

9. If a locomr>tive engine have a pair t>f tlriving wheels t/ feet 
in diameter, and if its vcltKrity Inr miles per lunir, tictcrminc the 
numl>er of rotations of the tlriving wheel made in f»ne minute. 
Ahs, In one hour the engine will move <»ver 5280 k v feet. In 
one minute the dUtance will Ik: 5280 » t -i- 60. 'I’hc circum* 
fcrencc of the tlriving wheel is 22*/ -h 7 feet, and since the dis- 
tance which the engine moves iluring one rotation of the tlriving 
wheel is equal to the circumference of the wheel, the rerjuired 

answer is 

00 K 22 {/ 
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CHAPTER II. 

PRELIMINARY NOTIONS ON FORCE. 

§ 11. The First Law of Motion. — ^What is known 
in mechanics as the first law of motion is thus stated. 

*Et>ery body continues in its state of rest, or of 
uftiform motion in a straight Une, except in so far as it 
may be compelled by impressed forces to change that state* 

No one who is competent to judge of the matter 
can doubt for a moment that this law is perfectly true, 
but it cannot be proved in the same sense as the 
propositions in Kuclid are j)roved. The first law of 
motion has been shown to be true by experience, and 
without entering upon the question as to whether it 
is necc.ssarily true wc can assert that, taking the 
universe as we find it, this law invariably prevails. 
It has been tested in every way that we can suggest, and 
always with tl* same result. It may, therefore, be 
received without the slightest hesitation as a funda- 
mental law of nature. 

There is one j>art of this law which is, indeed, 
sufficiently obvious. No one can doubt that a body 
which is at rest wall remain for ever at rest unless 
some cause intervene to set the body in motion. A 
stone on the ground w'ill remain there indefinitely 
unless by the influence of some external cause it be 
displaced. An apparent exception might be found 
in the case of a living animal, which seems to have the 
power of setting itself in motion. I'his is, however, 
no more a real exception than is a locomotive engine, 
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or iijiiecluuiiad toy, whidi runs along the door under 
the action of a wound-up spring. In order that an 
animal may set itself in motion, it has to press against 
the ground or some other fixed object ; the result is, 
that the ground presses back with exactly ettual force 
against the animal, and it is this reacting force which 
really causes the animal to move. Similarly, it is the 
reaction of the rails or of the floor respectively which 
enables the locomotive or the toy to move. Such 
cases, however, will be better understood when the 
Third Law of Motion has been discussed. 

There is, however, one part of the first law of 
motion which at a first glance is apt to seem at vari. 
ance with common ex|>erience. If a lK>dy were once 
set moving, the law asserts that the body would con- 
tinue to move uniformly in a straight line for ever, 
pmtided no impressed force act upon the body. The 
reason why this appears to be at variance with 
rience is that we are unable [>ractically to realise the 
condition which it imjioses, of placing a l>ody under 
such conditions as not to l>e acted ii{>on by any forces. 
But we c.an, however, ccmvince ourselves of the truth 
of this statement by the following reasoning ; A stone 
thrown along the road soon comes to rest The 
stone leaves the hand from which it is thrown with a 
certain velocity and receives no more force from the 
hand. Hence, if no other force acted upon the stone, 
we should expect to find (if the first law of motion be 
true), that the stone would continue to run on for 
ever with the velocity it had at the moment of It^ving 
the»hand. But other forces do act, the attraction of 
the earth pulls the stone down, and when it begins to 
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bound and roll upon the ground, a new force call^ the 
force of friction begins to act Friction is due to the 
roughness of the road, and it very soon brings the 
stone to rest. But let the stone be thrown upon a 
surface of smooth ice, then when the stone is sliding 
upon the ice, the friction which resists the motion is 
cornj)aratively small, though it still exists, and the 
stone will run on to a very great distance. We thus 
see that the stone does not stop itself^ but that it comes 
to rest in conse<iuence of the friction of the surface 
on which it moves. The first law of motion amounts 
to the assertion that, if it were possible to withdraw 
the stone completely from the action of friction and 
all other external forces, it would run on indefinitely 
in a straight line with unabated velocity. 

It therefore api>ears that to impart motion to a 
quiescent body, or to cause a moving body to change 
the direction in which it is moving, Fic. 4. 

or the velocity with which that motion 
is performed, the presence of a certain 
cause is necessary. Whatever this cause 
may be, it is called force. There are 
several different descriptions of force, 
of which we shall mention a few. 

} 13 . Gravity. — If a stone be let 
fall from the hand, it falls to the 
ground The force which acts upon 
the stone is called ^avity. All the 
objects which surround us are acted 
upon by gravity. It is ^avity which causes the descent 
of rain from the clouds and the motion of the water 
•ioanvar. 
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y' a body be suspended by a string (fig. 4), the 
string hangs in the diret tion in whicli the body would 
fall if allt>wed to do si>. 't his is therefore the direction 
along whit h the fort e of gr.i\ ity at ts. If w e alter the 
nature of the bt)tiy or its weight or liulk, tlic direction 
of the string remains unaltereil ; it is always perpendi- 
cular to the surface of water at rest, and is called the 
vtriua/. 

A line |)erpendicular to a vertical line is called a 
horizontal tine. A plane fierpendicular to a vertic.al 
line is called a horizontal plane, A pbine which con- 
tains a vertical line is called a zrrtiral plane. 

J 13. Holeotilar Forces. — When an elastic body 
— a piece of india-rubber for example — is deformed 
without passing the limit of elasticity, the body when 
released tends to resume its original form. In this 
case the particles of the body move in consequence 
of certain forces which act upon them, tending cither 
to draw them liirther aj>art or closer together as the 
case may be, The forces which produce these move- 
ments of the particles of a l>ody arc termed molecular 
forces. It is to molecular forces we are indebted for 
the power which drives our steam-engines. Under 
the influence of heat the {sirticle^ of the w'ater rei>el 
each other, so tliat the w’atcr assumes the much more 
bulky form of steam- The molecular forces by which 
this expansion is effected are so j>owerful that the 
steam in expanding is able to exert a great degree of 
pressure, which is turned into a useful form by the 
steam-engine. 

{ 14. SlAOtriesl Attrnetioiii. — A different class of 
ibrees are presented in the phenomena of eUctriaty, 
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A piece of sealing-wax nibbed with silk will alitract 
pieces of paper, or other small objects, in virtue of 
the electricity with which the sealing-wax becomes 
charged. Closely allied to these electrical forces is 
the well-known magnetic force by which an ordinary 
magnet attracts a j)iece of iron tow'ards it. 

§ 15. Preitnret and Tensiona — A force may 
sometimes be applied to a body without producing 
any movement in that body. For example, a stone 
may be lying at rest upon the table, but the force of 
gravity is acting upon the stone, for if the table were 
suddenly removed the stone would immediately fall. 
So also a stone may be at rest when suspended by a 
cord from a tixetl point, but gravity is still in action, 
for if the string w'ere cut the stone wouUl, of course, 
fall. In the first case the stone presses against the 
table, and the table reacts with a fees sure on the 
stone which counteracts gravitation. In the second 
case the cord is pulled by the stone, and the stone is 
pulled l>y the cord. The force of gravitation tending 
to draw the stone downwards is counteracted by the 
tension of the cord, 

} 16. Force manifetted by Cbangiaig Motioii. — 

The existence of force may also be made manifest by 
the alteration or the destruction of motion which it 
can proiluce. Suppose a ball to be thrown vertically 
upwards. Habile the ball was in the hxmd it was 
acted upon by the force which the arm exerted, but 
when the ball leaves the hand it is no longer acted 
upon by the arm, but ascends merely in consequence 
of the motion which has been communicated to it. 
Here the arm has exerted force and produced motion 
and the ball ascends ; but the force ot gravit>’^ is con- 
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stant^ endeavouring to move the ball in the op|>ositc 
direction, and as the ball receives no reinforcement of 
its upward motion, the never-ceasing gravity gradually 
deprives the ball of its upward movement, until the 
moment comes when, havirig attained its greatest 
height, the ball is for an instant at rest Hut the 
force of gravity still continuing to act, the ball de- 
scends with gradually increasing velocity until it 
reaches the ground. Here, during the asccMit of the 
ball, gravity was acting to destroy motion, and during 
the descent gravity was acting to produce motion. 

§ 17. Inertia. — The fncts that a body cannot/!^ 
itself pass from a state of rest into a state of motion, 
or from one state of motion into a different state of 
motion, are often expressed by saying that matter is 
inert^ or that it possesses inertia. 'The following 
illustrations are for the pur|Mjse of showing some of 
the different phenomena arising from inertia. 

A man is riding on horseback, and the horse stops 
suddenly. If the horse has |>reviously been going 
rapidly his rider is in great danger of being thrown 
over the horse's head. Why is this ? 

The man has a tendency to continue moving in 
the same direction as that in which he was moving 
before the horse stopped, and if he be not able to resist 
this tendcnc'y, he will l»e carried forw'ards over the 
horse’s head. 

In starting a railway- train, the sfx;ed of the train 
mcxtzscs gradually until full sj>eed is attained, but 
why could not full speed be obtained at once ? 

In the first second the power of the engine is 
expended in giving the train a certain very small velo* 
city. At the commencement of the next second, the 
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train has, therefore, already acquired some velociiy and 
is dis[)oscd to continue moving with this velocity 
cvcii if the engine were removed. But as the engine 
is still attached, the train receives another increase of 
speed during the second second, so that it enters on 
the third second witli an increased velocity and so on. 

Jly increasing the ])ower of the engine, the time re- 
quired to gel up full sj)eed mayhe diminished, but under 
all ( ircumstances the oj)eration must be a gradual one. 

It may, however, he asked what is the limit to the 
increase of spetal which may be attained. 'I'he limit is 
diu' to the resistances tf) which the motion of the 
train is e\})osed. I'he resistanc es ])arily arise from 
the retanling ac tion of the air, and the etiect of this 
resistanc e rapidly ini rcaycs ^aith the veioi ity of the train. 
When by the inc rease of the velocity the resistances 
have become espial to the drawing-power of the engine, 
no more augmentation of speed is ]»ossil>le. We may 
in sue h a case (a>nsider the power of the engine as 
being entirely spent in overcoming the resistances, 
and the train may then he regarded as a body moving 
along with a uniform velocity withc’)!!! being ac:ted 
upon by any forces. 

Why is it dangerous to alight from a railwtiy- 
carriage before the train has stop]>ed ? Because your 
body participates in the motion of the railway- 
carriage. When, therefore, your feet are brought to 
rest by reaching the ground )ou are aj>t to thrown 
down in the direction towards which the train is going. 
'I'he more rapidly the train is moving the greater will 
be the danger of this hapi>ening. 

It is stated that railway collisions might often be 
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prevetited were the trains supplied with adequate 
l:)rake-|x>\ver. What is the explanation of this? As- 
sume for simplicity that the line is quite level, and 
that a train is going at full speed. 'I’he engine-driver 
secs, let us suppose, a lew trucks staiuling on the line 
in front of him, and he becomes aware that a collision 
is imminent unless his train can \>c .stopj>ecl. His 
train, being a bod) ifi motic^n, <'an oni) be stopped by 
the applic ation of forc e ; and what forc'es has the 
engine-driver at hi^ disposal ? If he merely turns off 
the steam, then tlie ordinary fore es of resistanc e will 
gradually diminish tlie veloc ity of the tram, and finally 
bring it to rest ; but this will not l)e prompt enough 
to avert the danger. He may also reverse his engine, 
which will, nci doubt, accelerate the cfTec t of the c:>r- 
dinary' resistanc es in bringing the train to rest ; ljut 
even this will not be adecpiatc. He recpiircs the aid 
of some cither jxjwerful fore e. Haler on, we shall con- 
sider with more detail the very important force of 
friction, which resists the sliding motion of one surface 
over another. By fore ibly pressing a brake against the 
wheels, they c:an only turn round with difficulty, and 
a force of fric lion (§ 6o) is evoked which brings the 
train sjjccdily to rest. The larger the numlxrr of 
wheels which c*'in l>e thus prevented from turning, 
the more efficiently can those in charge of the train 
control its movements. 

{ i8. Motion of a Projectile. — A stone throwm 
into the air in any other than the vertical direction 
describes a curvx*, and then falls dow'n to the ground. 
If it were not for the action of gravity the stone 
would continue to move on indefinitely in the dircc- 
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tion in which it has been thrown, but gravity i# con- 
tinually acting upon the stone, and therefore deflects it 
more and more from the direction in which the motion 
began. Thus the curved path of the stone is explained. 

questions. 

1. State the first law of motion. 

2. Knumerate instances to show that a Ixxly once at rc»t 
will remain at rest unless forces act u}»on the body, 

3. If a Ixxly once set in motion shoiiM continue in motion, 
how is it that a hummin|;-tt>p uill come to rest ? 

Aus. : The top is spinning in the air, and the air rul« 
against the lop, and thus retards its movement. This can be 
proved by spinning a top in a gl.ass jar out of which the air hast 
l>ccn pum^Hxl. The top will then spin much longer than it 
docs in the air. Even then, however, the point of the top 
ruljs against the surface on which the *op is standing, and thua 
friction is pnxlucerl which would in time bring the top to rest. 
We know of no way indcc<l, no way is |x>ssil)lc by which wc 
could isolate the top from all causes of <lisiurbance. 

4. If a ball Ik* rolkx! along the ground it stxm c«>ines to rest. 
How is this to Ik? reconciled with the first law of motion? 

5. Explain why a railway tr.iin does not at once attain full 
S|>ced after the engine has Ixren starlcil. 

6. If a large ship nms against a rtxrk, why is it that the 
ship will generally sustain great injury, even though it nuiy 
have l>ccn moving very slowly ? 

Am. : Owing to the great weight of the .ship a very large 
force will l>e necessary if its motion is to be arrcstctl. Thai 
force is suppliei! by the pressure of the rock against the ship ; 
but the pressure will often be so great on a very snuill part of the 
ship that the materials cannot withstand it without suffering injury. 

7. A man standing up in a boat is liable to l»e thrown down 
if the boat is suddenly stop^Kxi by running against the bank. 
Why is this ? 

& If gravity acts upon all bodies and tends to draw then 
towards the earth, how is it that a balloon vrill asc«nd ? 
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CHAPTKR III. 

THE PRINCIPLE OF THE LEVER. 

§ 19. Measurement of Force. — We shall find it 
necessary to establish a definite method by which the 
magnitudes of forces may be estimated. I’ake any 
standard weight — for example, a pound — then the 
force with which this weight i>resses upon the table 
on which it stands, or the fon e which must Im; exerted 
in order to hold this weight in the hand, may be taken 
as the standard of force. We may for brevity sjKrak 
of this as a force f one pound. A force of two pound.s, 
three pounds, &c., will denote the pre.ssure produced 
by a weight of tw'o pounds, three pounds, &c., and in 
general the magnitude of a force may be expressed by 
the number of jK)undfi to which that force is equiva* 
lent. It will l>e found that all forces can really 
be expressed in this way, even though the sources of 
these forces be very different from the attraction of 
gravitation. 

{ 20 Direction of a Force. — If a heavy body be 
pulled along the table by a string, the body moves in 
the direction of the string, and this is said to be the 
direction of the force exerted by the string upon the 
body. In order to ascertain what will be the effect 
of a force, it is necessary to know the direction in 
which the force acts. 

At the point a (hg. 5) a force is applied to the 
body u, in the direction a p, while at b and c forces 
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are applied in the directions d q and c r respectively ; 
we can thus rei)resent the .directions of the forces 
by straight lines, while arrow-heads 
on the lines sliow tliat tlie forces 
are pulling and not pushing. 

§2 1 . Magnitude of a Force. — 
We can also make the laigth of the 
line which indicates the direction 
of the force represent the magni- 
tude of that force. For exami)le, let 
Q| it be arranged that a force of one 

' pound shall be represented by a 

length of one inch, then a force of two pounds will be 
represented by a line two inches long, and so on. 
Thus the lines a v, n g>, c r, in fig. 5, define in the 
most complete manner the for< cs which they repre- 
sent. I'he line a \\ for example, tells us that a 
force is applied at the point a of the body, that the 
magnitude of the force is prui)ortional to a 1*, that it 
acts along the direction .v 1*, and tends 10 draw 
A towards p. 

§ 22. Composition of Forces. — Questions fre- 
quently arise in whic h it becomes necessary to con- 
sider the joint eftcct of two or more forces which 
act simultaneously uixm a l>ody. Let us suppose, 
for e.xample, that forics tire acting; at the same 
pmut oj a hady and in the satne direetion. Then it 
is plain that the jt>ini etTeci of the two forces is equal 
to the eftect of a single force apjdicd at the same point, 
provided the magnitude of the single force is equal to 
the sum of the magnitudes of the two separate forces. 
We have thus one force producing an effect which is 
^ual to that produced by two forces. 
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14 the two forces had not the same direction, thch 
the operation is not so simple, but still it is generally 
jxissible to determine one force which is e( pi i valent to 
two separate for< cs in the same plane 1 he process 
by which the single 
force is determined, 
which is ecpiivalciU 
to two or moregiven 
forces, is termed the 
composition of forces. 

§ 23. Parallel 
Forces. — We shall 
first consider the 
case in which the 
tw'o forces acting 
upon the body are 
paraJicl. For this 
purpose we shall 
employ the ap[)a* 
ratushcre described 

A uniform bar of wood, a n, is sus[>cnded at its 
middle point c in suc h a \\ \y tliat it is able to 
turn <iuite freely about the point of Misi>ension. The 
front side of the bar has ten e<pii»iistanl divisions on 
each side of the central |>oint. 'I liese divisions may 
be conveniently chosen to lx.* each one inch long. 
Ilelow the lines of division small rings are attached, 
(or the puriH>se of sus[»ending therefrom the* weights, 
which will produce the forces applied to the bar. Hach 
of these w'eights is furnished with a small hook both 
at the top and the l>ottom, and weighs one |K>und, or 
whatever other weight raay be chosen as the standard 
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Since nets in vertical lines^ and since vertical 

lines are parallel, it is obvious that the forces applied 
to the bar by the weights suspended from it are all 
parallel. 

'rhe first experiment may be made by suspending 
a weight of i lb. from each of two points equidistant 

from the centre of 
the bar. In the case 
shown in fig. 7 the two 
weights are each four 
inches distant from the centre. It is observed that the 
bar remains horizont.al ; there is in fact no reason why 
the bar should go down on one side more than on the 
other, but if the two weights were removed and were 
suspended from the ring beneath the point of suspen- 
sion, in the manner shown in fig it is obvious that 
the pressure of the bar upon its supports would 

exactly the same as in 
the former case. We 
therefore see that the 
two forces of i lb. each 
which are applied in parallel diieclions to two points 
of the bar equidistant from the centre are precisely 
equivalent to a single force of 2 lbs. which acts at the 
centre of the bar. 

We thus learn in general that two equal and 
parallel forces applied to a rigid body and tending in 
the same direction may be replaced by a single force 
which is parallel to the separate forces, equal to their 
sum, and applie<l at the centre of the line joining the 
two points of application of the sei>arate forces. 

Suppose, however, that we suspend from the bar 
of fig. 6 eleven equal weights, as shown in fig. 9, then. 


Fit;. 8. 
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sinc% the weights are uniformly distributed on each side 
of the point of suspension, it is manifest that the bar 
will remain at rest. If we remove the five weights on 
each side of the central weight, and suspend the whole 
eleven in the manner ^ 

shown in fig. 10, the /» i* f 

pressure of the bar mm-1 J L t yiTTTirnT J 
on its supports must + 

still remain the same I. 

as it was when the 

weights were ranged along the bar, and will be simply 
equal to the weight of the bar augmented by 1 1 lbs. 

We may, however, deal with the weights in a dif- 
ferent manner. Draw tlie line m ft (fig. 9), which j>asses 
through the fifth division on the right-hand side of the 
bar. We thus have eight of the weights on the left of mn, 
and three of them on the right. Hut as the weights are 
symmetrically arranged in each of the two portions, we 
may proceed as fol- 
lows. Observe that 
p is the centre of the 
left-hand portion, then 
talcing off the eight 
weights two by two, we 
may hang them on at/, 
until the whole eight 
weights are suspended 
from /, and similarly 
the three weights on 
the right-hand side of the bar may be suspended 
from q ; the arrangement then assumes the appear- 
ance shown in fig. 1 1, and it is found that t^ bar 
still remains borizontaL 
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Comparing, then, the two cases shown in 6gi. to 
and IX, we see that the bar in each case remains hori*- 
fiG II. zontal, and that it sup^ 

ports the same total 
weight. We thus see 
that parallel forces of 
8 lbs. and 3 lbs., at a 
distance of ii inches, 
are equivalent to a 
single force of ii lbs. 
applied at a point 
3 inches distant from the greater of the two com- 
IK>ncnt forces, and therefore 8 inches distant from 
the lesser. 

I’his experiment is an illustration of the following 
general proposition. 

parallel forces act in in the same direction on 
a rij^id Indy arc ct/un alent to a sinyle forcCy which is 
parallel to them, equal to their sum, and is applied at a 
point which divides the line joininy^ the two points of 
application of the single forces in the inverse proportion 
of those forces, 

W'hen a single force rcj)laccs two or more other 
forces, it is generally called their resultant, and the 
forces of which il is composed are called the cosn^ 
ponenfs. 

§ 24. Example. — Suppose a body M, fig. 12, be 
acted ujKin by four parallel forces, viz , a force of 
3 lbs. applied at the |>oint a ; a force of 5 lbs. at the 
point H ; a force of 4 lbs. at the point c, and a force 
of I lb. at the point d. It Ls revpiired to find the 
I'he two forces at a and may be replaced 
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hy % single force of 8 lbs., which acts at the point 
where 

o A :o B :: 5 : 3. 

This new force of 8 lbs. at o 
may be combined with the 
force at c, and the resultant 
will lie a force of 1 1 lbs. aj^plied 
at o', where 00' : c o' : : 4 : 8. 

Finally the force at o' may be 
similarly combined with the 
force at d, and the resultant 
of all the four forces is thus 
proved to be a single force of 
13 lbs. ap[)lied at the point 0''. 

We thus see how any number 
of parallel forces acting in the 
same direction can be com- 
pounded into a single force, 
and the resultant is always parallel to the component 
forces and ecjual to their sum. 

§ 25. The Lever. — The very useful instrument 
known as the lever is, in one of its numerous forms, 
shown in fig. 13, This is a strong bar, a h, by the 
aid of W'hir.h it is sought to raise a heavy iKxly M, 
which bears upon the extremity a, while the power is 
exerted at the other extremity r. 'J'his bar pre.sses at 
c on a support, about which it can turn when the 
|K)W’er exerted at R is sufficiently great. V\'i»cn the 
heavy mass m is just kept sustained by the lever in 
the t>osition shown in the figure, we may regard the 
lever as acted upon by tw'o forces, 'I'he first of these 
js the pressure of the heavy mass M, which tenda to 
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force the eattremity a of the lever downwards. •The 
second force is the pressure exerted on the other end 
B by the hand of the workman, which is so regulated 
that it shall just sustain the load. These two forces 
may be regarded as parallel, and they can therefore 
be replaced by a single force, which will produce pre- 
cisely the same effect upon the lever. Now, this 
single force must pass through the point c, for if it 
lay either to the left of c along the line m «, or to the 


Fig. 13. 



right of c along p g, it would in cither case tend to 
turn the lever round in the corresponding direction. 
From the fact that the lever is, as we have assumed, at 
rest, it follows that the resultant must j)ass through the 
point c. From this again it follows that the magnitudes 
of the forces at a and 11 must be inversely proportional 
to the distances of those points from c ; thus if c B is 
ten times, a hundred times, a thousand times greater 
than c A, the pressure w’hich must be exerted at B 
will be one tenth, one hundredth, or one thousandth 
part of the load which presses on a. 

g 26. Baaotion — It is obvious that if two equal 
and opposite forces are ai^lied to the same point of 
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a body they will destroy each other, and will have no 
effect in altering the condition of the body as to rest 
or motion. Conversely, it is obvious that if a body 
be at rest, notwithstanding that one force is known to 
be acting upon the body, we must infer that the effect 
of that force is neutralised by the effect of some other 
force. Apply this to the case of any object lying on 
the table, a book for example. We know that the 
book is acted upon by the omnipresent force of 
gravity, yet the book is at rest. There must, there- 
fore, be a force exerted by the table equal and opposite 
to the force of gravity. Tlie force thus exerted is 
called reaction, 

§ 27. Equilibrinnt— When two or more forces are 
so related that they neutralise each other’s effects on 
the objects to which they are applied, then the forces 
are said to be in equilibrium. Thus the force of gravity 
and the reaction of the table in the case of the l*ook 
just considered are in equilibrium. 

In the case of the lever of fig. 13 the forces also 
equilibrate, but it is necessary to observe that there is 
a third force acting on the lever, besides the two 
forces already considered. This third force is the 
reaction of the support c. The pressures apfilied at A 
and B may be, as we have .seen, compounded into a 
single force, equal to their sum, and applied at the 
point c. The reaction of the support o is a force 
precisely equal and opposite to this resultant The 
reaction therefore neutralises the resultant, and the 
three forces are consequently in equilibrium. 
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QrKSTIONS. 

I. Kxpla'iu lu)w a force may be rci)rescntefl by a straight 

line ? 

I . If a strai^lit line, 8 inrhes long, represent a force of 
4 Jlw. , what is tlie magnitude of tVie force which is rcprcscniecl 
by a line I 2 inches long? Ah^.. : 6 lbs. 

.i;. How great is the magnitude t>l the rc.suitant of two 
parallel hjr<'es which a< t in the same direction? 

4. Ibjvs f|oy<nifliul the position which the resuhant occupies? 

5. Tv-o j^arallcl forces of o ll>s. anrl 7 Ihs., at a distance of 
32 inehes, net upon n iHMiy, Determine the position and mag- 
nitude of tin single force winch will be e<|uivalent to them. - 
Attx, ; A force of iO ll^s. , acting at a tlistancc of 14 inches 
from the gteiUer component. 

6. h.xplain why the wmkmanwill ha\e more power over 
the block in fig. 13 the nearer the point- A and »’ are together. 

7. What IS tnenni by the force t>f reaction ? What is the 
reaction of (he table against a 2-lb. weight wliich rests upon it? 
Af/j. : A force of 2 Ifrs. acting vertically upwards. 

S. What i.s im am by Atrcc.s iR-ing in tsjuilibrium ? When 
are two foucs in etjuilibiium ? 

Q. I’oinl out the three forces which arc in ojuillbrium in the 
case <*f the lever in tig. 13. 

10. A weight rests ujMsn a table with fan Ic'gs. Wh.at are the 
firrccs of reaction by which th«- door -upports the weight? 

Aff,^. : The legs of the table press ujs.n the diM>r, and the 
flcH>r reacts uptm the legs of the table. If the thM»r did not 
react ujum the legs of the table the leg- would go through the 
floor. We thus have four forces transmiite<l by the four legs of 
the table. A portion of the-c forces are ilue merely to the 
weight of the table itself, the residue is e«|uivalcnt to the weight 
of the Invrly. \Vc have here an illustration of how four forces arc 
com{>ounded together so as rv^ally to const jiute one sirrglc force, 

II. If a loconu,>ti\'c engine weighing 30 tt>m» Ik* staniling on 
a railway bridge of 300 feet sfvan, and if the distance of the engine 
be 100 feel from one end, cletcnnine the jnsnion of the weight 
of the engine w hich i.s sustained by the supports at that end. 

Amx. : Since the engine must be entirely sujrportcd by the 
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press^es exerted at the two ends, its weight must lie divided 
into two parts which have the same ratio as the two i>ortions 
into which the Vnidge is divided. It therefore follows that 
20 tons of the engine must be supportetl at the near end, and 
the remaining lo tons at the distant end. 


CHAP'l'KR IV. 

E<^)UII-inRU:M OK KAKALKF-l. KORCKS, 

§28. Dynamometer. — For the piiri)osc of measuring 
the intensity of a force, the ordinary spring balance, 
which is often used as a weighing mac hinc, is very 
convenient ; a simple form of litis ai)paratiis is shown 
in hg. 14. It consists of a v shaped 
piece of steel, and it is upon the elas- 
ticity of this steel that the action of the 
apparatus depends, .X circular arc is 
firmly attached to the end of e;u h 
branch of the spring. 'I'hc free extremity 
of the one arc is fiirnislie<l with a ring, 
while the other has a Itook. 

When a w'cight is suspende<l fn^m the hook, the 
V. spring is gradually bent until the increasing elas- 
ticity of the spring is able to resist the weight, and 
then the spring bends no further. Ily susj>ending 
different weights from the hook, it is found that the 
degree to which the spring is l>ent varies with the 
weight which is being supported 

Placing on 1 lb., 2 lbs., 3 lbs., Arc., the position of 
the circular arc is engraved on each occasion, and 
when this has once been done the insmiment can be 
used as a weighing machine. 

If cords be attached to this apparatus, as shown 
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in fig. 15, then the marks engraved on the instnqpent 
Fio, ,5, will show the tension 

of the cords or the 
amount of force which 
is being transmitted by 
the cord into which 
the instrument is in- 
serted. When the spring balance is used in this way 
it is often called a dynamometer. 

§ 29. The Pulley. In the experiments about to be 
described, it will be necessary to make use of a pulley 

for the purpose 
of changing the 
direction of the 
R force transmitted 
A by a cord. 'Fhe 
const ruc- 
cMO tion of the pulley 
■ is shown in fig. 16. 
y The pulley con- 
sists of a wheel, 
with a groove in 
the margin to re- 
ceive a cord. The 
pulley is mounted 
on an axle, around 
which it is able to 
turn, W’hen the 
cord is pulled, the pulley revolves and the weight is 
drawn up. 

The main feature which makes the pulley of such 
use in mechanics is the circumstance that the ten- 
sion of a cord is not much altered by passing over 
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a pulley. This may be illustrated by the apparatus 
shown in fig. 17. A string is Fm. 17. 

fastened to a hook and passes 
over a pulley at a, which is at- 
tached to a fixed supj>ort From 
the lower end of the string, a 
weight P is suspended. It is 
obvious that the tension of the 
string between the pulley and 
the weight is ecjual to the weight 
This is indicated by a dynamo- 
meter, which Ls inserted in the 
string at W, A second dyna* 
mometer is inserted at d., in 
the part of the string which 
lies above a. We may su[>pose 
that the weights of these dynamometers can l>e 
neglected in comiiirison with the weight of i\ If the 
pulley be well and carefully made, the tension shown 
at d will be nearly the same as the tension shown at d' , 
If it were possible to make a perfect pulley (i.c. a 
pulley without friction), and also a cord which w'as per- 
fectly flexible, then the dynamometers would indi- 
cate that the tension due to the weight J* is precisely the 
same in both parts of the cord. .A frictionless pulley 
or a flexible cord cannot be prrfertly attained by any 
means at our disi>osal, but we can approximate to 
them so closely that the difference between the indi- 
cations of the two dynamometers will be almost insen- 
sible. In the experiments of which we are now about 
to speak, we may entirely overlook the minute dis- 
crepancies arising firom im|>erfect workmanship, and 
W€ ihaU assume ihai the Unsiem cf a card is absaiuisly 
D 
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uma/ter^d what the direction of the cord is diver^d by 
means of a pulley, 

§ 30. Experiment on Parallel Forces. — We are now 
enabled to study experimentally the equilibrium of a 
body which is subjected U3 the action of three liarallcl 
forc:es. I'lie apjj.iratus employed for this purjx)se is 
shown in fig. 18. A body, n 1 k, is suspended from 
a dynamometer, whiih is hung from a fixed point. 
The weiglit of the body is of course shown l>y the 
indications of the dynamometer. Cords are attached 
to the body at the iK)ints h and i, which, after passing 
over two pulleys, support the weights p and g*, and 
for the .sake of illustration we shall supi>ose that p is 
60 lbs. and that (^> is 20 lbs. At the third point, K, 
another cord is attached, which, j)assing also over a 
pulley, supports a weight of So lbs. 

When these arrangements have been made and 
the body has come to rest, it is found that the cord 
by which the body is sus|)ended from the hook is ver- 
tical, just as it was before the forces were aj>plied at 
points H, I, K. The dynamometer shows that the ten- 
sion of the vertical cord is also exactly the same as it 
was l)efore, and is in fact simply eipial to the weight of 
the body. It is further noticed that the body assumes 
a definite position under the intluence of the three 
forces, and that if the body be di.splaced it will, after a 
few oscillations, subside into the same }x>sition again. 
When in this definite position, it will be found that 
the three cords a h, e 1, and s K are all parallel ^ and 
r^arding the weight of Uie body as simply counter* 
balanced by the tension of the cord by w^hicb the 
body ia suspended from a fixed point* we have hetc 
It case of the equilibrium of three parallel forcea. 



ParalU'l Forces. 


35 


Ifi the first place it is to be notieeil that the force 
of 8o lbs. on one side is etjiial to the sum of the 
two other forces of 20 l!>s. and 60 lbs. 'The experi- 
ment has thus verified the l;iw tliat whenever three 
])arallel forces are in equilibrium one of these forces is 
ecjual to the sum oi the other two. The ex])erimcnt 



will, however, tell us more than this, for it can be made 
to show the relative positions which the three forces 
must occupy. For Ihi.** purj>o.se, we apply a divided 
scale in the manner shown at a b, then it is found 
that the line s k, when produced, cuts the scale a u in 
a point o, so that 

o A : o B 1:3; 

u 2 
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but the forces p and q are such that 


and therefore 


Q : p : : 1:3; 


0 A : 0 II r I Q : p. 


It is easy to sec how this a^^rees with what we 
have already learned with respec t to the composition 
of parallel forces. It appears from § 23 that two parallel 
forces of 60 and 20 must compound into a resultant 
of 80 actinj' at a point which divides the line joining 
the points of application of the t ()m])onents in the 
ratio of 20 to 60, or of i to 3. It follows that the 
forces along h a and i n must compound into a 
parallel resultant of 80 lbs. applied at the point o. 
This resultant is equilibrated by the preci.sely equal 
and opposite force direc ted along s K, and conse- 
quently the three fore es equilibrate. 

I'he principles we have been explaining are 
practically applied in a large number of useful con- 
trivances, a few of whic h wc shall now' describe. 

§ 31. The Komau Balance. — I- ig. 19 rc*presents a 
very useful form of weighing machine c ailed the Roman 
balance. 'I'hc machine consists of a strong rod W’hich 
is susj>ended from the jioint c , around w hich the rod 
can turn freely. The object to l>e weighed is sus- 
jHjndcd from a hcx>k attached to the rod at while 
the weight c^ is movable, and can be hung at any 
point on the arm c b. It is thus plain that in 
this particular description of w’eighing machine we 
do not vary the ma^ihtdt of the counterpoising 
weight The measurement is made by changing 
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the position of ihat weight so as to make the bar 
horizontal. 

When the bar is laden in the way shown in the 
figure it is acted uj>on by three forces which equilibrate. 
'I'wo of these forces are fonned by the weights i* and 
Q, while the third is communicated by the hand which 
holds the machine. These three forces are jKirallcl 
to each other ; and for equilibrium it i.s necessary that 
Fit; 



the two forces p and q shall compound into a resultant 
equal and opposite to the third force. It is therefore 
necessary that the resultant of p and g pass through c, 
whence w’e have the condition 

p : Q : : c o : A c. 

This may he written thus : 

1* : c D : : Q : A a 

Since g and a c are both invariable when the machine 


A scstle constructed in the following manner is 
lilarked upon the bar c d. Take for p a weight of i lb., 
atid ascertain the point at which q must be hung so 
that the balance shall remain horizontal ; this gives 
the unit of length according to which (setting out 
ftotn c) the bar is to be divided. 

In the case shown in fig. 19, q is hung at the 
fourth division, and since p is proportional to c D, it 
follows that the weight of p must be 4 lbs. 

Fio. 20. 



§ 32. The Safety-valve. — .\mong many other 
applications of the laws of parallel torces in the 
mechanical arts we may mention the -rvz/r'A with 
which the boilers of steam-engines are furnished. A 
section of a safety-valve is shown in fig. 2a 


Tke SafeijMf^ve, 39 

tube R, shown in the lower part of the tigure» 
is in communication with the steam in the upper part 
of the boiler. I'his tube is accurately closed by the 
plug a which, however, merely acts like a stopfKT 
in a bottle, anti would be immediately driven out by 
the pressure of the steam l>elow. To keep the plug 
in its place it is pressed downwards at the jjoim d 
by the strong arm f d e, which is hinged at f and 
loaded with a moveable weight, 1*. There is a guide 
at t; for the purjxjse of keeping the arm in its i)roper 
place. 

I'he pressure of the steam which tends to force 
the plug a b uptvards is a vertical force, and this is 
really counterat ted by two other forces which also 
act upon the arm F r> E. One of these is, of course, 
the weight i* ; the other is the reaction of the hinge 
at F. The first is obviously a force directed vertically 
downwards, and it will also be seen that the same is 
true of the last ; for the tendency of the end of the 
bar K is to fly upw-iuds, and as this tendency is 
counteracted, the hinge must exert a force down ward.s. 
We are therefore led to regard the bar as acted upon 
by three parallel forces whi( h make efjuilibrium. 

It is evident th?t the downward reaction of the 
hinge must l>ear to the weight t» a ratio erjual to that 
of the segments in which the line joining their {x^ints 
of application is divided by the vertical line tlirough i>- 
According to the dimensions shown in the figure, this 
ratio is alx>ut 7 to i, and therefore we infer that su|>- 
posing the weight p to be 10 lbs. the reaction of the 
hinge must be 70 lbs. ITie resultant of these two 
forces wdll be et|ual to their sum, ant! therefore fbc 
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total pressure on d, which is equal to that resqjtant, 
must be equal to 8o lbs. 

It therefore follows that the steam will not be 
permitted to escape from the boiler unless it presses 
the plug upwards with a force of at least 8o lbs. 

By shifting the weight p along the arm, the pres- 
sure brought to bear upon D can be changed. If, for 
example, v be moved in towards f, the pressure on d 
will be gradually decreased. It thus appears that the 
maximum pressure of the steam in the boiler can be 
controlled by the position which the weight p occupies 
along the arm of the safety-valve. 

Questions. 

I. A cortl passes over a fixcti pulley, and i lb. is suspended 
from each of its ends. What is the tension of the cord ? 
Ans. 1 lb. 

a. Descrilx’ the Roman bal.ance. If the distance DC, fig. 19, 
he 3 inches, when a weight of 9 ll>s. is hanging from P, what 
will l>c the weight at P when the tiistance of g from c is 9 
Inches? Aus.: 27 

3 In a Roman balance the distance a r> is 28 inches, and 
it is found that Q is 3 ll>s. and t* is j| lbs., wliat must be the 
distance ac? Ahj, : 6 inches. 

4 If the area of the section of the valve a b, fig. 30 , be one 
aejuore inch, determine the weight r whicli shall be appropriate 
/»r« pressure of 140 U>s. on the square inch in the boiler. 

Aus. : I* must by the principle of the lever exert a pressure 
of 140 lljs. at l>. If the distance of r from F be seven tima 
that of D from F, then the weight of D should be 30 Ihs. 
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CHAPTER V. 

THE PARALLELOGRAM OF FORCE. 

§ 33. Equilibrium of Three Forces. — A particle 
O (fig. 21), is acted upon by three forces, P, Q, and 
P, in the directions op, o q, or. 

These forces are all equal in magni- 
tude, and they are so arranged that 
the angles p o q, q o R, and r o p, are 
all equal. Now it is manifest that 
under these circumstances, the point 
o will remain at rest, and the three ^ 
forces will equilibrate. For if the forces do not 
equilibrate, the j>oint o must begin to move, but 
since the forces and the angles are all ec|ual, why 
should the point move in one direction rather than in 
another? If the point be not at rest, it must either 
move along the direction of one of the forces, or 
into the angle between two forces, but why should it 
move in the direction of one force rather than in that 
of another, or why should it move into one of the 
angles rather than another? I’he only inference is, 
that the point o does not move, and that the three 
forces are in equilibrium. 

It therefore a{)pears that each 
force is neutralised by the joint 
effect of the two remaining forces. 

Thus, for example, the two forces 
P and Py taken together, com- 
pletely destroy Q. » 

Produce the line q o to x (fig. 22), so that o x 
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is equal to o q. Now it is evident that if a ^force 
X equal to Q acted at o along o x, it would equi- 
librate Q along r) c>, because they are erjual and 
i>Hj)osite ; but we have seen that /’and R e( jiiilibratc 
with (7, hence we must admit tliat the troinbined effect 
of the two forc es P and R is precisely the same as 
that of the single fort e X. 

We thus see that the two forces. P and R^ may 
be rei)lare<l by the single force Xy and we therefore 
say that X is the resniiapit of P and R. 

It may be asked, how it is that one force can 
produt e the same effect as two for< es, each of them 
as large as itself. The apparent paradox is explained 
by observing that P and A’, though not exactly oppo- 
site, are still to a certain extent ]>ulling against each 
other. I'hey therefore partly destroy each other, 
and what is left of them is equivalent to A', both in 
magnitude and in direction. 

Join V X and R x, then the Bim|>lest geometrical 
consideration will show that the figure o R x p is a 
parallelogram. For since the angle cog is two-thirds 
of two right angles, it follows that the angle x o p is 
one-third of two right angles, arui tliat therefore the 
triangle X o p, which is obviously isosceles, is also 
equilateral. Similar consitlenitions apjdy to the 
triangle x o R, and hence the four sides of the figure 
o R X p are all equal, and consequently it must be a 
parallelogram. 

We here see that the resultant of the two forces 
P and R is represented both in nvagnitude and 
direction, by the diagonal of the parallelogram, of 
which o P and o r are tw*o conterminous sides. 
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§ Resultant of Two Equal Forces. — us 

now take the rase of any ^ 

two equal fon es, ^ and ^ 

which art upon the point o 

(fig. 23) in the directions o a ** 

and o u. It will be observed ^ 

that this case is more general than the c ase just con 
sidered, inasmuch as the angle between the two fort es 
is now supposed to have any value whatever. 

It is clear that the joint effet t of the two forces, 
A and must be to move the j)arti« le o, and it is 
further obvious, from the symmetry of the case, that 
as these two fort es are e<iual, the diret tion in whit h 
they tend to move o. must he in the biset tt)r o D of 
the angle a o h. I'here is, in fa< t, not the slightest 
reason why o should move to one side of o i> rather 
than to the other. 

If o is to be held in ctjuilibrium l)y three forces, 
of which A and li are two, then it is ocressary that 
the third force shall a^l in a diretuon opposite it) u n, 
and have a certain magnitude v. hn h may be repre- 
sented by o c. We thus have the two for< es, A and 
equilibrated by a third force C a( ting along o c. 
It IS, however, plain that C would be e(juihbrated by 
an e<jual and upj>ositc force D acting along o t>. 
Hence the joint effect of the two forc es, A and 
is e<:|uivalent to a single force />, a< ling in the direc- 
tion of the line bisecting them. 

$ 35. Reftultaiit of €Uiy Two Forces. — Passing to 
the most general r.a.se, sup|>ose that any two ff>rce8, 
P and Qy act upon a particle at the |>oint o (fig. 24). 
Id general the effect of these forces would be to noak^ 
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the particle move off in a direction which we c^note 
Fio. 34. hy o r. Then it is plain that a force 
Q. T same line as o x, could be 

applied so as to prevent the x^^rticle 
I from moving towards x and retain it 

i in the original position o. 

^ Under these circumstances the three 

forces, Q, are in eciuilibrium. Hut the force 
would of course be destroyed by a force equal and 
oj)i>osite to it, and therefore it follows that a force 
c<4ual and o[)positc to A* would be equivalent to the 
joint effect of two forces, /* and (>, and form what 
we have called their resultant. 

§ 36. The Parallelogram of Force. — The results 
we have already obtiiined may be summed up in the 
general law now to be enunciated (fig. 25). 

The resuitafit R of two forces, P ami Q, acting con- 
currently on the same point ^ is obtained by marking on 
the directions of the two forces y 
lengths which represent those 
forces according to a certain 
scale, then forming the parat- 
lelograrn, of lohich these lengths 
are tnH} contetrninous sides, and 
drawing the diagonal through 
their intersection. The direc- 
tion of this diagonal is the di^ 
rection of the rctjuired resultant , 
and the length of this diagonal 
represents the magnitude of the resultant. Exam pie : Let 
the two forces be = 60 lbs. and <? == 20 lbs. respec- 
tively, and let their directions be inclined at an angle 


Fig. 35. 

M 
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of yy*. By constructing the diagram shown in fig. 25 
and measuring the diagonal, ii is found that the magni- 
tude of the resultant is 68 lbs., while measurement with 
a protractor shows that the angle c m o, at whic h the 
resultant is inclined to the larger force, i.s etjual ic 
16" 30'. 

§ 37. Experimental lUnstration. — The doctrine 
of the parallelogram of force can be easily veri- 
fied experimentally. Let a and n (fig. 26) be two 
small pulleys fixed to a ^ 

w'all. I'liese juilleys should \ 

be very nicely made, so that p 
there shall be as little friction } 
as possible, and so that con- | 
sequently the tensicjn of the i 
flexible silken cords passing ^ 
over them shall be as little i* 
altered as i>ossib!e. Let i», q, k, be three weights 
attached to the three silken cords, the other end.s 
of which .are all knotted together at c. 'Lhc cord 
attached to the weight v is to be passed over the 
pulley A, while the tjord attached to <j |>asses over the 
pulley n, the cord attached to k hangs vertically 
downwards from c. The knot at c is therefore acted 
upon by three forces, directed along r a, c b, ^ r, 
and respectively ctjual to the weights of P, o, R. 

When these arrangements are made, it is found 
that the cords assume a definite f>osition, and that if 
the knot be displaced it settles again after a few 
oscillations into its original place. We then mark on 
the wall lengths c p and c each containing as many 
inches as there are ounces in the weights P and Q 
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respectively, and complete the parallelogram cf g r. 
It is found that the diagonal is vertical, and that the 
nuuil>er of inches in ‘the length cr is ccjual to the 
nunihcr cjf ounc es in the weight at k. This va^rifies the 
parallelogram of force, for the diagonal c r represents 
a force whic h is c aj)ahle of supporting k. It therefore 
has the s;ime effect as the fcjrces represented by c p 
and c q. and consecjuently it is their resultant. 

§ :^8. Resolution of Forces. Hy the aid of the 
princ iple of the parallelogram of fore e, we are enabled 
to sol\a' the conv erse problem of resolving one force 
into two other fore es, of whic h tlte original fore e is the 
resultant. 

Let o s (tig. 27 ) represent a forc e a]>p]ied at the 
point o. Draw through o any two lines 
o r and o q, and theti through s draw 

I lines s c,j, s r, parallel to o p and It 

/ appears by the paralltdogram of force 

o ^ ^ that the forces represented by o p and 

o Q would eomjK)und into a resultant represented by 
o s ; henc e ccjnversely the given force represented by 
O s may l>e decomposed into the two separate forces 
represented by c^ p and o t>. The two forces into 
which a given force is resolved are often termed the 
eomponcNts of the given fort e. 

§ 39. Illustratioiis. — A simple ex|XTiiTient (fig. 28) 
will illustrate the method of resolving a force into two 
com|>onents, A cord is attached to a point a, 
fastened to the wall, while the other extremity b of 
the cord is tied to the hook of the dynamometer. 


At a point c in the cord a b, another cord, c D, is 
knott^, which at its lower extremity carries the 
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weigk)| D, The point c is then acted upon by three 
forces, which make ctjuilibrium. 'Fhe first of these 
forces is due to tlie weight i», and ac ts vertically 
tiown wards along the line t \k 'The second force 
acts along the cord c a, and really arises Iroin the 
reaction of the wall at the point a. 'J'he third force 
is produced by the elasticity of the dynamometer, 
and acts along the line c h. 

Produce c d \ertic'ally upwards to 1:, Maik off 



-a 

on c K a length c h, which ctauains as many inches 
as there arc ounces in the weight i>. 'I'hrough it draw 
H F i>arallcl to a c, and h r, f>arallel to li c. 'I’hcn 
the lines c v and c t; will denote on the same scitlc 
the forces along c a and c le 'I'he dynamometer 
affords a ready means of testing this result, so far as 
the force along n c is concerned. If we measure the 
number of inches in the length c r, then the principle 
of the {>arallelogram of force ajiserts that the force in 
that line is the same number of ounces. That this is 
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the case appears at once from the indications the 
dynamometer. 

§ 40. The Jib and Tie. — A very useful application 
of the principles now under consideration is pre- 
sented in the jib and tie, shown in fig. 29. A weighty 

p, is suspended 
from a point c, 
which is sup- 
ported by the 
jib A c and the 
tie u c. The 
jib consists of 
a stiff piece 
of wood, which 
is capable of 
turning round a 
joint at A. The 
tie is a piece of cord attached at the points b and 
C ; a dynamometer may be inserted in it, for the 
pur|>ose of sliuwing the tension to which the cord 
is subjected- 'Idie upright support a b is fixed firmly. 

The point c is then m ei|uihbriiim under the 
action of three forces. The first of these is the 
weight at p, which acts vertically downwards ; the next 
force is really the reaction of the hinge at a, which 
acts along the jib a c, and tends to push the point 
c outwards. The third force is the tension of the 
tie c B, A moment’s reflection wilt show that the 
forces ahwtg the tie and the jib are really in the 
directions we have just indicated. For sup|x>se the 
tie w'cre to be cut, what would happen? The point C 
would, of course, fall away to the right under the in- 
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^eii9K of p ; that is, c would tend to go farther away 
from B than it is at present Or suppose the jib were to 
lose its stiUness, it is evident that the apparatus would 
collapse, and c would come nearer to a than it was 
before. It is therefore manifest that the effect of the 
jib is to push c outwards. 

Take a length c g, which contains as many inches 
as there are units in the weight p; draw through o a 
line o o, parallel to c h, and then draw through o a 
line o H ixirallel to c o. The parallelogram c G o H 
is thus formed, and it appears, from the parallelogram 
of force, that the force exerted by the jib is repre- 
sented by o c, while the tension of the tie is repre- 
sented by c H. 'riie presen< e of the dynamometer in 
the tie enables us to verify that the number of inches 
in the length c h is equal to the number of units in 
the strain shown by the dynamometer. 

'fhe princijile here explained is well illustrated in 
the common lifting crane, and in many structures and 
mechanical appliances. 

§ 41. Sailiog of a Ship. — A somewhat more 
complicated illustration of the resolution of forces is 
afforded by the at tion of the wind on the sails of a 
ship. In the case of a ship sailing W'ith the wind 
directly astern the matter is simple enough. Let X Y 
be the direction of the ship (fig. 30), and a b the 
direction in which the sail 
is set If the wind bloivs 
in the direction p x, it ^ ^ 
presses upon the surface of 
the sails, and produces a 
force, which, acting at o, urges the ship forwards. 

Next suppose that the wind is blowing firom the 
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iloHh, ^vhfle the course of the vessel is east. #It is 
Well kriowh that the sails can be so set that the ship 
sJiall be driven on its course, notwithstanding the 
ftict that the direction of the wind is perpendicular to 
the direction of the motion of the ship. 

Let p o (fig. 3 1 ) be the direction of the wind, while 


Fig. 31. 



X Y is the direction of the 
ship’s course. It is clear 
that it would not answer 
in this case to set the sails 
in a direction which Was 
perpendicular to the direc- 
tion of the wind, for the 
only effect of the wind 
would then be to blow the 


vessel in the direction o q, which is not wanted. But 
if the sails are set in the direction a b, then the ship can 
be steered so as to move in the required direction x v. 

For let the line p o represent the magnitude of the 
force exerted by the wind. Draw through o a line o m 
|x?rix:ndicular to a n, and through p draw p n and p m 
respectively parallel to o m and o a Then p N o M 
is a parallelogram, and therefore the force denoted 
by p o may be replaced by the two forces n o and 
M o. Wc may therefore consider the original wind to 
be replaced by two winds, one blowing along a b, and 
exerting a force denoted by n o, while the other blows 
perpendicular to a b, with a force denoted by m o. 
It is obvious that the first of these winds can have no 


effect, as it merely runs along the sail without pressing 
upon it We may therefore discard this component, 
and consider only the wind m o. which, blowing perw 
pendicularly ui>on the sail, produces its full effect 
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l^he immediate effect of the force m o would be 
to force the ship in the dircciK>n m o, but this ten- 
dency is rnoilihed by the resistance \vhi< h tlie water 
oj>|>oses to an object of the shape of the shij). To 
make this clear, it is necessary to resolve m o into 
two other com[>onents, which is done by drawing 
lines M s and m t parallel resj>ectively to o x and o p. 
We may then replace the force m o by the two forces 
s o and t o. i'he action of the original wind has 
therefore assumed the form of the two forces s o and 
T o, and we must consider the effect of these forces 
separately. 

The force denoted by s o tends to push the ship 
in a dire<'tion pcr]>cndicular to that in which the ship 
is intended to go. 'I bis fonx* is to be resisted as far 
as possible, and with this object the .shape of a ship 
is so designed that the water will oppose very great 
resistance to the motion of the ship sideways. In 
S|>ite, however, of the shape of the ship, the force s o 
would produ< c some effect in driving the vessel to 
leeward, if it were nut practically counteracted by 
steering the vessel, along a line x v', which is slightly 
inclined to the actual c^mrse of the vessel, x v. 

The really effective portion of the wind is repre- 
sented by the line 1 0. This tends to force the 
vessel along in the direction in which it is intended to 
go. The shape of the vessel is so designed that the 
resistance with which it is op|>osed by the water shall 
be as small as jx^ssible in this direction. 



f • *XNvo forces of 3 ^s. and 4 lbs. act on a point in directions 
«t righit angles to each other. Find the resultant. 

Ans, : When the parallelogpram is drawn, it is 
seen to be a rectangle, and therefore the 
square of the diagonal is equal to the sum of 
the squares of the two adjacent sides 3 and 4. 
Since 3* + 4* «= 5® it is evident that the re- 
sultant is 5 lbs. 

2. Show that when the directions of two forces intersect at 
right angles they and their resultant are proportional to the 
sides of a right angled triangle. 

3. Prove that when three forces equilibrate at a point the 
sum of any two of these forces must be greater than the third 
force. 

4. If a force of 10 lbs. be resolved into two equal com- 
ponents which are at right angles, what must be the magnitude 
of the coinj>onents ? Arts. : lo-f-^2lbs. 

5. If in fig, 29 the distances AC, c n, B A be resi>ectively 21 
feet, 16 feet, 9 feet, find the tension of the tic and the thrust on 
Itte jib, when i.-. load of 1,800 Ihs. 

Ahs. ; It is evident that the triangle OCH is 
similar to the triangle A c B, and consequently 
o n : CH ab : cb. Hence the tension 
the tie l>ears to p the same ratio which B C 
l>cars to A B, and thus the answer is easily 
seen to l>c 3,200 lbs. Also the force on the 
jib bears to 1* the same ratio as A c ; A B, and 
hence the thrust on the jib is 4,200 lbs. 
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GRAVITATION. 

$ 4a. Oravitatioii towards the Earth's oeatra.-— 
It is a matter of experience all over the earth, that a 
heavy body tends to (all to the ground. 

Fig. 32 represents a section of the earth which 
passes through its centre o. Then Fiti. 3*. 

the earth being sufficiently near lA 

a S[jhere for our purpose, we may 
regard the section p q r s, as a A \ 
circle where p q R s are the inter- qT^ 

sections of the lines o a, o 11, o c, 
o D, with the surface of the earth. -iL 

If a stone be dropped from a ® 

point A, above the surface of the earth, it will fall to 
the ground at p, but it is to be observed that if the 
stone were droj)jH:d from 11 or c or o, it would descend 
to the earth at <j or r or s rcsi>ectively. In each case 
the stone will try to reach the earth by the shortest 
path. From a the stone appears to fall downwards, 
from c it appears to move upwards, from b it moves 
to the left, and from i) it moves to the right. 

The four movements, however, have one feature 
in common, they all tend towards the centre of the 
earth, and hence we deduce the im[X)riant result 
which is thus stated : 

A dropped from a point alnn’e the surface of 

the earth aitoays fails in a straight Hfu^ which is 
directed ta the centre of the earth. 
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§ 43. Attraction. — The familiar instance «of a 
magnet and a small piece of iron will suffice to 
illustrate what is meant by the word attraction. In 
virtue of c ertain jiropcrties possessed by the iron and 
the magnet they are drawn together. I'he magnet 
draws the iron and the iron draws the magnet. This 
particular kind of attraction is, however, of a very 
special charac ter ; the magnet appears to have no 
appreciable influence on a piece of wood or paper for 
example, and has, indeed, no c onsiderable influence on 
any known substance except iron and one or two metals 
closely allied to iron by their c:hemi( al characters. 

I'here is, however, a kind of attraction which is 
called the attraction of i:;raritation. d'his is of a 
different c:hara<'ter from the attraction of a magnet for 
iron. According to the law of gravitation, every body 
attracts every calier body, 7 o/iatc:er t>e the n/ateria/s 
which it is comf^oseJ. '1 he intensity of this attraction 
is, hcjwever, sci small that with one conspicuous ex- 
ception, we c:an only bee ome aware of its existence 
by refined and clabor.ite in<iiiiries. That any two 
objects — fc»r example, two books 1\ ing on the table — do 
actually attract each other, there can be no doubt 
whate\er ; but the intensity of this force is so small 
that the attniciive force cannot overcome the friction 
of the Uible, and consequently we do not find that 
the books are drawn together. 'Fhe larger and more 
massive the two bodies, the greater is the intensity 
of the force of gravitation between them. Though 
this force is intrinsically so small, yet the mass of the 
earth is so large that the attraction which it exercises 
upon an object near its surface is quite appreciable: 
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It is^his attraction of the earth which produces what 
we call rvaji^htt and it is the attraction of the earth 
which causes iKKlies tt> fall to the ground. 

Let o lie the earth’s centre (sii|>|)o.scd to l>e a 
sphere), and let a be the posititm of a stone. As the 
earth attracts the stone, it nuisi exidently draw it 
along the line a f. '['here is, in fact, no reason why 
the stone should move to one side ot tlie line more 
than to another. Wc thus see that attraction would 
always tentl tt) <lraw objects in a diret tion pointing 
towards the centre of the earth. I'lie observed facts 
are therefore expiauual by the supi>osilion that the 
earth jxissesses the j»ower of attraction. 

j 44. The Centre of Gravity. — In studying the 
effect <jf gravity uj»«>n a botly, it will be < onvenient to 
continence witit a ^i!lJpIc cxpenmeni which can be 
easily tried. 

Out of a j<ic< e of < ardboard or tin plate, a figure 
of aijj- thapt\ A, J», c, i», k <fig. ,^3) is to lx.* cut. In 
this }>late a few lioles are to be 
punched, c|iiite at ramioin, as, for 
example, near a, i;, <, i», i„ In the 
wall is a nail, by which the plate 
can be susjxnded by passing the 
nail through any of the holes, for 
example, a. From the nail is sus 
pended in front of the plate a < ord 
A H, which is kept in the vertical 
direction by the plummet attacheti 
10 it at H. 

As the plate is not sup|x>rted in any other way, it 
hangs quite frc*ely from the nail, and if 1 displace the 
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plate it will^ after a few oscillations, settle down again 
in the position which it occupied at the first. In 
order to mark this position, it is desirable to draw a 
line on the plate in the direction a p, indicated by the 
plummet line, which is hanging in front. If the plate 
be blackened, this can be neatly done by chalking 
the plummet line, and then giving it a flip against the 
plate. 

When the line has been drawn, remove the plate 
and hang it up again from some other hole, for 
example, n. Again the plate settles into a definite 
jiosition, and again the line and plummet is to be 
hung on, and a second line drawn in the direction of 
the plummet. 'Fhe two lines drawn on the plate 
intersect at a point p. 

W’'hen the plate is hung up on a third hole, for 
example, c, and a third plummet line is drawn, a 
very remarkable result is perceived. It is found 
that the line Irawn on the third occasion passes 
through the intersection of the two former lines, 
that is so say, all the three lines pass through the 
point p. 

Repeating the operation with other holes, d, e, 
&C., it is found that all the lines drawn in the 
way we have described possess the remarkable 
property of passing through one definite [ioint of the 
plate. 

It is therefore manifest that the jxjint p is charac* 
terised in a very remarkable way. From whatever 
point the plate be ruspended, the jK>int p must be 
vertically beneath the point of suspension when the 
plate is hanging at rest. 
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Ift we punch a hole through the j^te at p» and 
dien hang the plate on the nail by means of that 
hole, we see another remarkable result The plate 
will remain suspended indifferently in any position 
whetletfer. I'he significance of this observation will 
be much enhanced if we make a hole at a point Q 
near to p. When the plate is suspended from q, it 
will only be at rest in one position, that is, when p is 
vertically beneath q. 

It must surely be regarded as a matter worthy of 
close attention that any i>late, of any figure, regular 
or irregular, should have one specific point which 
enjoys the unique properties which the experiments 
show are possessed by the point r. I'his point has 
received a name, it is called the eentre of f; rarity. 

In the illustration we have just given, we have 
spoken merely of a thin plate, because the cxfKiri- 
ments are more easily conducted in a body of this 
nature than in one of entirely irregular form. It 
must not, however, be supposed that a plate is the 
only kind of body which jw^ssesses a j>oint having the 
properties we have described. So 
matter what be the shape of a body 
it jx>ssesses a centre of gravity. 

5 45. Centre of Gravity of a Body 
of any Shape — A body of any sha|)e 
or materials whatever, a k c d (fig. 

34), is suspended by a cord from a 
point and hangs in a certain jxjsi- 
tion when at rest. We may suppose that a vertical 
hole, A n, is drilled through the Ixxly in the direction 
of the cord by w'hich the body is suspended. If 
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we now susjjend the body by another point gn its 
surface, c, the body will come to rest in the position 
which is rc])resented in fig. 35. Let us now conceive 
that a second hole is drilled through the 
body in the direction of the line c D. It 
will be found that these two straight holes 
intersect in the interior of the body. In 
fact, if we thrust a knitting-needle through 
one of the holes, and then attempt tp 
thrust another knitting-needle through the 
other hole, we shall find that the way is 
stopped in the interior of the body by the 
first knitting-needle. 

If the body be now suspended from any other 
point on its surface, and if a similar hole be made 
through the point, and in the direction of the string 
by which the body is suspended, it will be found that 
this hole also passes through the intersection of the 
two former holes. 

From each and every point of suspension the 
same result is obtained, and thus we are led to the 
conclusion that in a body of any shape or form what- 
ever there is one point which possesses the remarkable 
property thus stated : 

IV/ien a body suspended by a cord from a fixed 
point is at rest, there is one special point of the body 
which is always zvrtically beneath the point of sus- 
pension^ whatezjcr may be the point of the body to which 
the cord is attached. 

This point is called the centre of ^az'ity. 

§ 46. Position of the Centre of Gravity.— In the 
a homogeneous body {i.e. a body composed 
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of uniform materials throughout) of regular sliape, the 
centre of gravity is (leteriuincd from the most siinule 
considerations of symmetry. 

in the case of a sphere, it is obvious that the 
centre of gravity must lie at its centre, for there is no 
other point symmetrically related to the figure. 

In the case of the right circular cylinder (fig. 36), 
the centre of gravity must be the central i>oint of the 
axis of the cylinder, for it must obviously 
lie sometohert on the axis of the cylinder, 
and there is no reason why it should lie 
more to one end of the cylinder than the 
other. It must, therefore, be at the 
centre. 

It Is, perhaps, slightly more difficult to see that in 
the case of the obliiiue cylinder (fig. 37) the centre of 
gravity must also lie at the central point fiu yt. 
of the axis, <i. It will, however, be 
seen that a ])oint in any other position 
would not be symmetrical! ly placed 
with respect to the material of 
body. 

In a .similar way the centre of gravity of the paral- 
lelopipcd (fig- 38) is situated at the c:entre of its 
volume. This is found by joining iio is, 
two opjxwite corners of the figure, 
and thus making a diagonal ; joining 
another pair of ojiposite comers, we 
have a second diagonal ; and the in- 
tersection of these two lines gives the 
point G, which is the centre of gravity of the mass. 

It will sometimes happen that the centre of gravil^ 
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of a body may not lie in the substance of the b#dy at 
Fio. 39* all. A very simple case of this is pre- 
sented in a ring (fig. 39). It is obvious 
M 'V from symmetry that the centre of gravity 
w ® fj cannot be elsewhere than at the centre, 
^ G, which is the centre of the figure. 

§ 47- Property of the Centre of 
Gravity. — A Ix^dy of any description may be con- 
sidered to be composed of an innumerable multitude 
of small particles of matter. Each of these particles 
is acted upon by the attraction of the earth. Each 
\)article is therefore urged towards the earth by 
a certain force which tends towards the earth’s 
centre. 

Considering that the centre of the earth is nearly 
4,000 miles distant, the directions of these forces may, 
for all ])ractical j)urposes, be regarded as parallel. 
Even if the two particles were a mile distant, the 
inclination of the directions of the two forces would 
be scarcely a minute. We may therefore regard the 
forces as absolutely ]>arallel whenever a body of 
comt>aratively small dimensions is under considera- 
tion. 

We have seen that two parallel forces may l>e 
comjX)unded into a single force which is parallel to 
the two comjwnents ; the forces on two particles 
of the body may therefore be replaced by a single 
force. This force may be similarly comi)ounded 
with the force on a third particle of the body, this 
resultant vrith the force on a fourth particle, and so 
on, indefinitely, until all the particles have been in- 
cluded. 
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thus come to the important conclusion that 
the effect of gravity upon a body of any shape is to 
produce one force^ which acts vertically downwards. 

It remains to be shown that this force acts throuf^k 
the centre of gravity of the body. I'ake a body of any 
shape (fig. 40), and suspend it by the 
cord o A ; then, when the IkmIv is at 
rest, the centre of pn’^^vity, must lie 
in the direction o a, vertically be- 
neath the point of susj)ension. If the 
direction of that one force which con- 
stitutes the effect of gravity docs not 
pass through the point o, let us sup- 
pose that It lies along the line 1* (?. 

The body is then ac ted upon by two 
forces. These are, lirst, the weight 
due to the action of gravity, and 
secondly, the reaction of the cord 
which acts along the line o a. As the 
body is at rest, these tw’o forces must he equal and 
op[K>site. It is therefore plain that the action of 
gravity cannot lie along the line v (^, but must lie in 
the same straight line as o a, and must, therefore, pass 
through the point r.. 

We are therefore led to the very important con- 
clusion that the effect of the attraction of the earth 
upon a body is to produce a single force., which passes 
through the centre of graidty of the body, and acts 
vertically downwards. 

$ 48. Stability of aBody refting upon aHoiiiontal 
Plane. — The properties of the centre of gravity will 
enable us to render a satisfactory explanation of a 
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tMtahet of observed facts^ of which w<^ shall 
tere mention a few. 

The accompanying figures 41 and 42 each repre- 
sent a cylinder placed upon a table ; there is, how- 
ever, an important difference 
between the two cases, for 
whereas the cylinder in fig. 41 
will remain steadily standing, 
that in fig. 42 will tumble over* 
What is the cause of the dif- 
ferent behaviour of the cylinder 
in the two cases? 

We have already seen that 
in a cylinder of this form the centre of gravity is at 
the centre of its axis. Now the entire effect of gravity 
is to produce a force acting vertically downwards 
through the centre of gravity. Therefore in each case 
the entire effect of gravity is to produce on the cylinder 
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a vertical force acting down- 
wards through the point o. 
The vertical lines through c 
possess different features in 
the two cases. In fig. 41 
vertical through g passes 
through the base of supi>ort, 
i.e. the part of the cylinder 
which is in contact with the 
plane. In fig. 42, on the 


other hand, the vertical through g falls outside the 


base of stipport. In each case the cylinder is acted 


upon by the force of gravity and the reaction of the 
table. If these two forces equilibrate, then the cylinod’ 
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will rimaih at mt. It is, however, plain that th« r«* 
action of the table can only act at some point or points 
where it is in contact with the cylinder. It is there- 
fore im|x>ssible that the reaction of the table ran be 
exactly opj>osite to the force through t; in the case of 
hg. 42, and consequently equilibrium is impossible, 
and the body tumbles over. 

But in the case of fig. 41 matters are different 
It is obvious that the force of gravity would tend in 
this c-ase to keep the body steadily on its base rather 
than to tumble it over. We are therefore led to the 
following general statement : 

/f ‘henn rr th^ errttre of f^rar ity <f a body is verticaify 
(n'or the base by lohieh it is sut^forted^ the btfdy uaii 
remain in equilibrittm. 

§ 49. Stable and Unstable 
though a IkkI)' reposing on a 
at rest when the vertical 
through the centre of 
gravity intersects the base 
of supj)ort. yet this f ire uin* 
stance will not ah\.j\s 
guarantee the j>enn'uienry 
of the c<]uilihrium. lake, 
for the sake of illustration, an <» 

(fig. 43). The centre of gravity is 
the body is now at rest wiilt its shorter diameter, c i>, 
vertical- If the l>ody receive a slight displacement 
under such circumstances, it is obvious that after a 
few oscillations it will return to its original )X)sition. 
In this case the equilibrium is said to be stable. 

It is, however, conceivable that the same body 


Equilibrium. - - AU 
horizontal i)lanc is 



a I l»r>dy, A n c D 
It the j>oint s, and 
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coitld be * balanced with its longer ^diaxneten a 

vertical, as shown in 44 
In this case, no doubt, the 
centre of gravity, s, is ver- 
tically above the point of 
support, a; and so far the 
condition of equilibrium is 
fulfilled. But there is a wide 
difference between the cha- 
racter of the equilibrium in 
R this case and in the other 
case. We now observe that 
if the body receive the slightest displacement it will 
not recover itself as it did bch)re, but it will tumble 
over entirely. We therefore call equilibrium of this 
kind unstabie. 

Intermediate between the cases of unstable and 
stable equilibrium we have what is called neutral 
equilibrium. This may be 
illustrated by a sphere placed 
ui>on a horizontal plane (fig. 
45). In this case, when the 
sphere receives a slight de- 
rangement from the position 
in which it was previously 
lying at rest, it makes no effort either to return to its 
original jxisition, as in the case of stable equilibrium, 
or to depart farther therefrom, as in the case of un- 
stable equilibrium. 

It will be noticed that the centre of gravity of 
sphere s moves into the position Sj, when the sphere 
is aeranged. It is now again vertically over the new 





Siaifie and Unstahle Equiiihrium. 65 

point c»f suppozt D|, and therefote the new position ta 
equaify a position of equilibrium with the original 
position. We may notice that here the height of the 
centre of gravity al>ovc the horizontal plane remains 
unaltered. This will give the clue to the discrimtna* 
tion between equilibrium which is stable and that 
which is unstable. In fig. 43 a slight dLsplacement 
of the figure obviously causes the point s to rise ; on 
the other hand, a slight displacement of the oval in 
hg* 44 lowers the jioint s. We are therefore led to 
the following statement : 

IVAm the centre of ^rai’ity is at its loudest point 
the €4fuihbrium is stable^ and ndten the centre of 
grenity is at its highest potnt the equilibrium is un- 
stable. 

The diflerent descriptions of c<juilibrium may also 
be illustrated by fig. 46. 'The rectangle in the first 
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6 gure is obviously in stable equilibrium, for if it be 
raised up in the manner show-n in the second hgure it 
will return to its original position when released. If, 
however, the rectangle be tilted sufficiently high, it 
may attain the position shown in the third figure, 
where, the centre of gravity having reached its highest 
point, the rectangle is in unstable equtitlirium ; after 
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passing this f)osition the rectangle may assume the 
second position ()r stable efpiilibrium shown in the 
^urth figure. 



In the toy n^prescnted in fig. 
4 7 till- ei ntre of gravity of the 
man's figure is above the j>oint on 
vvhi< h liis foot is supported, an<l 
therefore his er|uilibrium in this 
position would be unstable. Hy 
nu-.ins of tlie rotis two lieavy 

le.iden balls are attached to liis 
lienre: theyhavt* tlu- effec t of bring- 
m:.; the < entii- of gravity so low 
down ns to be beneath the ])oint 
of suj*port. In this e.ise the e<jui- 
librimn is stable, and the man’s 
figure mav be d i splat i*d very con- 
sidemblv from the vertical, and stil! 


it will return thereto. 


I. Hinl the centtv cif grnvitv of tin- t ruangular pl.itc A ii C, 
fiR. 4 ^. 

Fu; 4S Itiso* t till- t>asr H c' i>f the 

■ tri.^ngle in tfie jxiint l>. iIumi 

it can e.oil) Ik- proved that .a 
riiie A n. tlmwn from the ver- 
tex of the triangle to the jK>int 
of l)iseciii>n of the tjase would 
bisect every line parallel to 
the b.nse, such as fu ft, l^'t a 
large nuinl*er c»f lines l>e 
drawn parallel to the Ivxse, 
uad suppose that the triaxi||t 
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is »o that A r> lies alonp the of a prism rg. 

If thr strips into which the trranple thvulul 1 »y these lines are 
scj excessively narrovi ihat v%c ni.i\ rejyatl tin m nun ly •' sleinler 
rixis. It IX cvulent th.n e.u h i>l the '.trij •' wmhI-I Istlaruc itsilf 
separaielv »»ii the eilt-e <*1 tiu pn 'lu. tlu' inuhih- p<»inl of 

the strip IS nv< I the e.liM* • .( the piisiii. As ( u l> ol the strips 
woulul lialaiu'c try itscil. n is pi.nn that tlu- \\lu>le tti.uijjle which 
is forme*! of these 'stn)»s will halancr. :nul. tin lefore, llic ccnlrc 
of j^nivity of the inanple must he on the line A f (5 4S), 

In the same way it can Ik* .showi; that the centre of gravity 
must lie in the line r K, which is hrawn from the vettex It tc‘ 
Insect the '•i h \* . I hercntie • -f }.*ravi!\ imi-t. t her* fore, lie 
at the }«>in! o{ itiicrs* ction of these Iw<j Inseetors, i.e. at the 
jioint e.. 

2- A Jrtitipiil.u plrte to he rarne,) Ity three men. each of 
whom ho|<!> .me of tlu- eoint-r'. If tlu j.hne weij^hs .15 Ihs., 
how much of tlu wei;;ht wiil e.u h man havt i-> hear.-* 

.'/// . 'Ill- w.ij’l t of tfu- o a veilu.*! f-.ut-of 4J; Ihs., 

wh’eh in.\\ '( rmyo'l'd .. .utinj.; ,1* the eenM. of pravif)' «i, fij*. 
4C). |om I .'{.1 ; ! Htu.. it to I*. It <-;rri < a.i!> Ik- provr-*! that 

the jK.mt o. whu h Is thf inter- 
station of two Us-«-ior of the -.uli-. 
tlrnwn from the op? o n- ani’h s, 
the point r»f tn e<tion >>f the line 
fM>. It ft>l|ous froni this that tlu- 
force of 45 lio.. .'ufmp' at is 

cajiu valent to tui» parallel ft»rres of 
15 Ihs, aii'l 30 lUs , actinj; at is aiul 
1» rcsjKCUvel y. Ihif 'im e l» i-^ the 

central juunt of a<, a force of 
30 actin^j .Tt I' i- c*jntvaieiit lc» 
two jmrallel forces, each of 15 Ibx., acting at A ami c. Tlie 
entire weight of the triangle wiU, therefore, l>e erpially tlivirlctl 
; the three men. 

3- Two |*articlcs weighing 3 ami 5 o/. resjjcc lively, arc at- 
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lached to the ends of a straight rod 8 inches long, weighing 
2 oz. Find the centre of gravity of the system. 

Ans. The weights of the two [)articles may be combined 
info a single force of 8 oz., w'hich acts at a distance of one 
inch from the centre of the rrxl. '/‘his foircc may be com- 
jw>;:.'’de<l with that <lue to the weight <if the rofl, which acts at 
its centre. The t()tal action of gravity upon the ro<l and the 
particles, therefore, constitutes a force acting at a distance of 
four-fifths of an inch frt>m the centre. Since this force must 
jmss through the centre of gravity, it follows that the centre of 
gravity must l>c fi>ur-fifths of an inch fri>m the centre of the 
rod. 

4. What rorulition must \h' fulfilled in f>rder that a Inxly 
may rest in ecpiilibrium ujxm a snunuh plane surface? 

5. (live I'xamples of ImhIics in stable, unst.able, anil ncnitral 
c<|uilibrium. If a IxKly Ik> in stable equilibrium, Viow is its 
centre of gravity .aflectcd by a small displacement of tlic 
liody ? 

6. Trove that the centre of gravity of three c<}ual IkhHcs 
placetl at the corners of a triangle ct»incides with the centre of 
gravity of the area of the tiiangic. 

7. When a heavy bo«ly is susjxjmled from a point about 
which it can turn freely, show that it will rest with its centre 
of gravity in the vertical line passing through the point of 
iim|>ension. 

8. Show that a liody cannot l>e in stable equilibrium on m 
horixontal plane if it rests on less than three jx>inis of sup{x>rt« 



6g 


CHAPTER VII. 



ILLUSTRATIONS OK THK F.ol* II.I URU'M OF FORCES. 

§ 50. DUtribution of the Lead upon a Beam 
between the two Pointi of Support. A l)cain a r 
(%• 5^)* sup{>ortcd at its extremities on two walls of 
the same height, is 
laden in the point o 
with a certain loaii k. 

It is re«juiretl tcj Inul 
the pressures upon 
the [joints of support. 

It is surt'u iently 
j)lain that if the weight were npplieil at llie centre oi 
the beam, eat h of tlie two .-jUpjKJrts would have to 
bear half t!ie loatl. If the loati were placed exactly 
over one of the Mipj>oris, then that support would have 
to bear the entire Itjad, and the other suj>|>ort would 
have no pressure uj>on it beyond that due to the Ix^am. 
When the load tx.cujjies any other jKJsition, a.s for 
example that shown in the figure, then each sup|K)n 
will have to sustain a certain share of the h>ad. 

We may t onceive that the .support.s are removed, 
provided that we replace them by two suitable fort es 
acting vertically upwards. 'Phe effei t of each supjjort 
is therefore to press the lx:ain ujjwards with a certain 
force, 'I’hc pressure w’hich each end of the beam 
exerts against the support is equal and op|x>site to 
the reaction of that support against the beam. Wc 
can therefore determine the pressures on the supports. 




Funicuiar Polygon. j f 

and •! c, will c(>m[ioiind into a m o, which 

is ecjiial and op{K»sut lo the \vei.t4hi k. 

Hence the nuinher ot nn )»cs m m i> is e<|iial to the 
num!)er of on rues in the tension of m K, atui the 
ntiinber of int hes in m c is equal to the Tiuml>er of 
uunc es in tlic tension of M H. 

'I'he figure assumed !>y a Ilexible < (>rd from which 
weights are suspended, is ofte n termed the funtiuhtt 
poiyi^on. d'fie j»resent case is an ehinentary illus- 
tration. 

It may be noticed that tlu* tension of the «-ord, 
M H. exceeds tliat of tlu- « ord m k, and that tlic 
fcjrrner is mor< luarl) \erti<al than lh< laticr. 

'The gr< ater the angle- K M n the greater an* tl.e 
tcnsiejiis of tlu Iseo <ord> n lativel) to the weight k. 


'I'his IS illustiate-il in fg. 52, where the ratios ot v • 
and M i» \o .M o are ob\uaisIy nun h largei than in 
the previous case. It appears treun this, that if a curd 
stretc. bed j>retty tightly between the two j*oints K and 
H lx.* dellet ted, even by a very small weight a[)plied 
transversely, a very great tension will be prtxluccd in 
the cord. 

'rhis is illustrated by the c^se of a telegraph wire 
suspended from jxde to |k>1c, in the tray with which 
every one is familiar. 'Fhe wire is never in a straight 
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line, it is always curved downwards in the <»ntre. 
Even though the wire is very tightly stretched when it 
is [)ut uj), it is impossible to make it perfectly hori- 
zontal. In fact the wire, strong as it is, would be 
broken before this could be accomplished. This is 
explained by recollecting that the wire has weight 
'J'his weight constitutes a force acting vertically down- 
wards, and therefore produces a tension on the wire, 
which increases in proportion as the wire approaches 
the horizontal. 'The wire then could not remain 
]>erfectly horizontal, because in this case its tension 
would be indefinitely great, and fracture must ensue. 

The student may ask how it comes to pass that if 
the weight of a body c an be represented by a single 
force applied at its centre of gravity, the fonn of a 
telegraph wire should really be a curve, and not 
rather an angle, like that produced in the cord of 
fig. 52 by a weight hung at its centre. The reply to 
this is that the weight of a body ac is as though it w'ere 
concentrated in a single point only, a'/zc/r that body is 
ri^dy and as the wire is flexible, instead of rigid, its 
weight cannot Ik.* ade<iiiately represented by supposing 
it to constitute a single force at the centre of the wire. 

§ 52. The Bent Lever. — In discussing the lever, 
we assumed that it was a straight rod, and that it was 
submitted to the action of forces whose directions 
were jxirallel. W'e now consider the case of the bent 
lever a c b (fig. 53), which, turning around the j>oint c, 
is acted uf>on by forces at a and b, which are i>er- 
j>cndicular to the corresponding arms a c and b c. 
We may imagine the lever a c to be prolonged to 
b', »o that c b' is equal to c b; if then a force be 
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Applied at b' in a direction per|)endicular to b' c*, and 
equal to the force applied at b, it will be obvious 
that these two forces have etjual effects in turning the 

Fig. 53. 


B 



lever round the j)<)int of support, c. lUil the straight 
lever a c u' will be m ec|uilibriuin, provided tlie far< es 
at A and b are inver.sely proportional to the arnihof the 
lever on which tliey a< t, wheni e it follows that the 
l>ent lever a c b will be in equilibrium, provided that 
the forces at .\ and at h arc in the inverse jiroportion 
of the lengths A c and B c. 

It sometimes happens tliat the fon es applied at 
lltc extremities of a l>ent lever are not j)er|x.‘ndicular 


Fig. 54. 



to the arms of the lever. In a case like this (fig. 54) 
we draw lines c b' and c a' from the point c t>er- 
p»endicuLar to the directions of the forces. Then the 
given forces acting at a and b may be replaced by 
equal forces acting at the points a' and u' on the 
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bent lever a' c b ; and for equilibrium it is only aeces^ 
sary that the intensities of these forces be inversely 
proj>ortional to the lengths of the perpendiculars c W 
and c a'. 

W'e may stale the print ijile of the lever in the fol- 
lowing more general way, which will include the case 
just ctinsidered : 

'Th'i> fonrs dt tin upon a /oirr arc in oqui/ihriuni^ 
7o/u'n t/io in tonsil it's of t/io foroos ti/o inirrsoiy propor- 
tionui to ti/o porpontiion/iirs tot fail front t/io point 
about loitiiii tiio ioirr turns on t/u t/iroi lions of the 
foroos. 

'This prim iple nmy be illustrate<l 1>\ the folhjw- 

mg experiment. A 
t in iiiar tlist (tig. 5 c;) 
is mounted st> lliat it 
< an turn I'reely about 
a fixed axis through 
the < entre c. At any 
two pvhnls A, B, of the 
liist ( ords are at- 
tai lu-d whi< h, after 
passing o\er the fixed 
pulleys 1 , M, support 
eights }\ ij. 'The 
dist is obserxed to 
assume a certain definite position under the intluence 
of the two forces whit h are applied to it at a and b. 

Frt>ui c let fall iH:r{>cndiculars, c x, cv, ui>on the 
directions of the cords (produced if necessary). If, 
then, these i>eqHrndiculars be measured, it is invaria- 
bly found that their lengths are inverse!) proportitJiud 
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to tlie weights p, q. In this case the disc performs 
the part of the bent lever; and it is convenient to 
adopt this form, because the weight of the tiisc itself 
is entirely supported at c, and therefore does not corn* 
}>iirate the question. 

It is often convenient to express the relation Iht- 
tween the forces and the ]>erpendii iilars by the eejua- 
tion 

X c X = (j X e V. 

§ 51. The Balance. — The ha]nn< e is an apparatus 
fur weiglung bodies, and is of very \arit(! ( tjnslriw tion, 
according to tlie uses to whi< )i if is to l)e a|>plied. 
'The most essential part of lh<* nistrurnent is a lever, 
often c alled the lu am (tig. 5^»), \vhi( h is suj»porled at 
its centre, and tronj the ends of uhieh two pans 
are hung, in one of whi< h the objec t to be weighed 
is placed, while the other contains the weights wiUr 
which it IS to be compared. 

It is important that this l*eain be freely moveable 
about its point of supjx^rl, and tfj.cl the point of snp- 
pcjft Ik: cxa< tly at tlu < e-ntre t»f its length. With this 
view the lieani is luriuslied with a stt el edge, whic h is 
fixed transversely at its centre, and projects out on 
each side. 'bhe'>e projecting edges rt *.1 upon two 
small horizcjni.il planes of agate or other hard material, 
one in front of the lever and the other behind it 
When the beam is oscillating, it turns about these 
edges. 

At the extremities of the Ixram two other 
steel edges are fixed ; these edges are parallel to the 
cential one, which is haef-way between them ; and it 
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is essential that the three edges be in the sam^ hori- 
zontal plane. The edges at the ends of the beam 
support hooks, from which the pans are suspended 
by wires or chains. 

In order that a balance shall discharge its func- 
tions properly, it is necessary that it shall be both 
just and sensitive. 


Fk; sfi. 



A balance is s;iid lo be juit if its beam remains 
horizontal whenever the j>ans arc either empty or 
ci>niain weights which are known to be equal. This 
requires that the central steel edge should be placed 
exactly half-way between the two steel edges at the 
ends the beam, and further that the two arms of 
the beam on each side of the central edge, with thw 
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appej^ded hooks, chains, and pans, should be perfectly 
symmetrical. In this case it is obvious that, when the 
beam is horizontal, the centre of gravity of the beam, 
chains, and pans, will He in the vertical plane, passing 
through the central edge, and consequently the 
l)alance will be in equilibrium. 

If equal weights are placed in the two pans they 
will not disturb the equilibrium, because the two arms 
of the lever are equal, and therefore the two weights 
comi)ound into a single vertical force which acts at 
the centre of the beam, and is counteracted by the 
reaction of the agate plate on which the edge 
rests. 

If the pans of a just balance be laden with two 
weights which are not equal, the beam will no longef 
remain horizontal, but will be inclined to the hori* 
zontal by a certain angle. 'Fhe size of this angle 
will of course depend upon the tlifference between 
the loads; but it will also depend to a certain ex- 
tent uj>on the consiriu lion of the balance itself. 
For examj)le, in a balance of coarse construction, 
w^hen the pans are each laden with a weight of i lb. 
the beam is of course horizontal, and the addition of 
a grain to one side will hardly render the inc.linalion 
of the bcam.tc:) the horizon |Krrceptihte. Hut in a 
balance of a superior kind the addition of a grain, or 
even of a small portion of a grain, will j»roducc a very 
appreciable inclination of the beam. In this case w^e 
say that the balance has greater sensibility than in the 
former case. 

The sensibility of a balance is therefore measured 
by the angle of inclination of the beam whic h can be 
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produced by a given excess of weight in one pan over 
tlic weight in the other pan. 

'I he sensibility def)en(ls tf> a certain extent upon 
the friction of the axis against its suppijrl. Jt is 
therelbre desirable that the steel tnige should be deli- 
cately and ( arefiilly niatle <)f very bard steel, anti tliat 
the ]jlate on wliich it rests should be perfectly smooth. 
But the sensibility of a balance also dejKinds ujx)n 
the degree of at curacy with which tlie two following 
conditions have been fulfilled : 

isi. 'I hat the edges of s\is|)en.sion of the beam and 
the pans lie in the same plane. 

211(1. "riiat wlien the beam is ]>!aced horizontally, 
its centre of gravity shall be vertically beneath the 
edge <»f suspeiiNton, and very < lo.se thereto. 

'The adiantages of these arrangements are shown 
as follows : 

Let A \\ (I'lg. 57) be tlu' beam of a balance, o its 
_ ( entre of sus- 

pension, and t. its 
I ('em re of gravity. 

H rhen when an 

I I i'x« ess of weight, 

^ A is plat ed ujK>n 

the pan whit h i.s 
suspeiuled from 
A, the beam will 
move into the jk>- 
sition A It . 

Since the points a o b' are in a straight line, of 
which o is the cemre, it follows that two equal weights 
suspended from a' and b' will compound into a ver- 
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tical force passinc; through o; this force will l)e countcr- 
acteci* by the reaction t!u* supports, and may be 
left out of consideration. It lhi reft>re ap|>ears that 
the first of the < onditions we Imvc inenlnjiKai provides 
that the balam e shall hava- the same degree of setisi 
bility whatev er be the weights pi.it etl upon the pans, 
provided tliat tlieir differc nee is the same. 

"rhe eijuilibrium of the beam, after it has assumed 
the inclined pt).sition a' it', will tiepend upon the weight 
Q of the beam itself a< ting at the ]>oini (; and u|K)n 
/, acting at a , and etpial to the differem a between the 
weights in tlie Iwojians. 'These two forces must therefore 
e<jinhbrate v\ hen apjeied to the l)ent lever a no'. l,et 
ting fall j»erp<.‘n(lii ulars a k and </ i. from a' and c/ 
(m the vertical line <» k we deduce the e*|uation 5-^) 

/ . A K = <,> • (. I . 

It is obvious from the figure that tin nenriT o is to 
o the smaller will tiu' arm of tlu- lever i. be* ome. 
It iherefijre app<Mis ih.ii \ k must be smaller ac- 
crinling as * . is neau r « •, when* i* we see that for a 
given vveiglu / the angle v o a' will inc rease rajiidly 
a* < arriling as tlu- * entr« <»f gravity of the beam is 
nearer the axis of suspension. 'The advantage of the 
seeond of ihe^two <on*litions for in* reasing sensibility 
is therefore ubvicnis. 

If the point *, be too far from o, then the balance 
is not sutfu iently sensitive ; if *i; were actually at o, 
then it would be 1 *m> sensitive, for the minutest dif- 
ference iKriw'cen the weights in the jkins would cause 
the beam to l>e» ome vertical- If u were al»ove o, then 
the balance would be unstable, and the tmmitest dif* 
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ference between the weights in the pans would upset 
the beam. 

A poinier fixed to the beam moves in front of a 
graduated arc. 'I'his shows the position which the 
beam occupies, or the angle througli which it has been 
displaced. 

d'o test the justness of a balance it is sufficient to 
place a certain weight in one pan and Ixilance it by 
putting sand or any similar substance in the other 
pan. 'Then interchange the weights, and if the beam 
still remains hori/ontal the balance is just. The sen- 
sibility of a balance is tested by making a small addi 
tion to one of the pans. 

ION’S. 

1. A firain, 40 ft-ot snj>j><>rtc<l horiz-^ntally at its two 

extremities. I )eterm»ne the atldilionaJ pressuic nn the svjjvjHtrts 
when a wei^jht 2,400 ll>s. is Imng at a |>oint 10 feet distant 
fiom one end. .ins, ; 600 ll>s. and 1,800 ll>s. 

2. At two }>oints, A and 11, in the same huri.^r»ntal line, the 
extremities of a cool are fastentsl, ami a weij^ht of 10 ll>s. is sus- 
iwuletl from the mithlle point c of the ct>rd. I’unl the tensions 
in the jHirtionsof the Ci»rd <’ a ami <' n, it l>cing ohscrvetl that the 
angle ac h is a right angle. Atts. ; 10 -r s^2. 

3. In tig. 55 the weights r and arc 2 lbs, and 3 llts. respec- 
tively ; if the length «’ X Ik* 6 inches, <leteonine the i>cr}x:n- 
dicular c v \^hen the disc is at rest. At$s. : 4 inches. 

4. The amts of a false balance are I foot and I *03 foot in 
length ; what will Ite the apparent weight of 10 lbs. of goods 
wcighcil with this Italancc, when suspendctl from the longer arm. 

; 10*3 lbs, 

5. If the gootls be sus(>cnded from the shorter arm, find 
their apparent weight. Amj, : io-m*03. 
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6. the beam of a Ijalancc \tc m>t horixontal, »how that 
if want of horixonlality ariM.* from an incrjuality in the wcii'liti 
of the Jkcalc j>an% the l»alance may In.* corrtxtc<l by putting a 
weight into the lighter of the two j>an>, but if it ari^c frtun a 
difference of length of the arms, the balarrcc cannot l>e hO 
correct c<l. 

7. h'in<l the tr\ic weight «*f a Ixuly which is fi>un<t to weigh 
8 ounces an<l y vmneo accouhng as it is placetl in one or the 
other scale pan of a false l)alance. .tn\. . 6 


CHAPTKR VI 11. 

IHK INCI.INKIi I'l.ANK. 

§ 54 - The Inclined Plane. A plane whi< h is in- 
clined U) the plane t»f the horizon is < ailed an inclined 
plane ; and the angle which it makes with the plane 
of the horizon is trailed the int lination of the plane. 

When a weight is plated upon a liorizonta/ \i\i\x\ii 
it will remain at rest. In this case the effer I of the 
weight of the body is only to jircss against the plane ; 
and this lendent y is counters led by the rea< lion of 
the j>lane. lUit when a l>ody is plat erl uj>on a smooth 
ineltncd plane, the circumstances are different, 'rhe 
reaction of the plane cannot then entirely sup|iort 
the body, and consequently ifie body will .slide down. 
As a matter of fact, it is im[>ossible to make a perfectly 
smooth plane, and the roughness of the plane will be 
sufficient to prevent a body from sliding down it 
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unless the inc lination be considerable. For thgr pre- 
sent we shall, however, < onsider that the plane is 
perfec tly sinootli ; and in the next t hai)ter Jt will be 
shown how tlie results are inoditied by what is called 
friction. 

In order to sup])ort a heavy body which rests on 
an inclined plane, n r (ti^. 5.S). a certain fort e may 
Ku. f.s be applied to the Ixxiy 

It in a diret;tion j)arallel 

to the j)lane. It is 
repaired to determine 
the inaf;nitude of that 
fort e. 

let s be the centre 
of ura\ Uy of the body, 
and let the vertical line s <; denote the magnitude of 
the force of gravity upon tlie hotly. 'J'hrough 
s draw s v j»arallcl tt> n 1. and s n perpendicular 
thereto. Draw througli t. lines and t; e jiarallel 
to M K and s n. 'Then, by the prim i[)le of the 
parallelogram <»t Itute, we may rejilat c the force sc; 
by the two fort es s e and s n. Nt»vv, s, n is pcrpen- 
div ular tt) tlie plane ; and it:, effet l is merelv to press 
the Ixuly towards the pbine, whith tendency is coun- 
teracted by the reatiit»n t»f the plane. 'I'he t omponenl 
s r tends, however, to dr.ig the boii> dt»vvn tlie plane, 
and unless it be opposctl by an epual and opjiosite 
force the body will dcsc end. 'Fhe rcipiired force is 
therefore etpial and opposite to s r. 

It is easy to show that the triangle i’ s c; is similar 
to H F R, and therefore the sides about the equal 
angles are proixirtional. 
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tJius luive 

r : ^ i. : : I K : in, 
whtrHC ihc ^cncial Ntau uunl ; 

/J a Av/j f / \////.^ <'/; ,/// ///,;>//,,/ f'i.tfu :\ tn Ciptili 
i>ftum ./ f.'t.t tt ini f^tirah'd' io 

thi’ an i\ thr/t tht> c nina hi at - t/u :i<iij.^h/ t*/ the 
Ihuhy the \anu’ ratio U'hith tht hei^^ht t>J tin f^laptc beat ^ 
li> its lefij-th. 

Ij*. 



Pxampir. — 'I’hc length of nn in< linrrl plane 1 , 
K feet and its height is 2 tect. I nid llie |Mmcr 
applied {lanillel to the plane uhicii uill l>c sidlicieni 
to sustain a l(*ad of 100 lbs. 

Since the height is in this <ase one-fourth of the 
length, it is obvious that the power will be one-fourth 
of the load, that is to say, 25 ll>«. 


The principle of the inclined plane may illus- 
trated by the well-known contrivance used in lower- 
ing a hogshead down a slope or a flight of steps. (See 

59 ) Two ropes are attached by one of their 
extremities to a piece of wood, which is placed at the 
top of the inclined plane. These ropes go down the 
plane, are passed around the hogshead in the way 
shown in the figure, and the other extremities are 
held by the two men. By slowly letting out the rope 
the men are able to lower down the weighty hogs- 
head as gently as can be desired. 

If the two ropes are passed round the hogshead 
at equal distances from its extremities, the two men 
will have to exert the same force. It is also to be 
observed that the two parts of the cord which are 
fastened to the piece of wood are acted upon by forces 
equal to those acting in the two parts held by the 
men. 'fhus the hogshead is really acted upon by 
four parallel forces. 'Phe force with which the 
hogshead is u.jed down the i)]ane is equally 
divided among the four parts of the rope which 
sustain it. 

If the height of the plane he one-half its length, 
then the total force necess.irv to sustain the hogshead 
will be half the weight of the hogshead. It therefore 
follows that the tension in each {>art of each of the 
ropes will be one- eighth the weight of the hogshead. 
Each of the men has therefore only to exert a force 
which is equal to one -eighth of the weight of the 
hogshead in order to have perfect control over its 
movements. 

§ 55. Two l&olinod Pla&oi. — Two weights, a and 
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« (fig«6oX are attached to the esctremities of a cofd, 
which passes over a pulley c, 
at the vertex of two inclined 
planes. It is re^ptired to find 
the relation l)etween the weights, 
in order that they shall balance 
each other. 

In this case the immediate support of each weight 
is the tension of the cord whi< h passes over the pulley. 
VV'e therefore have the following proportion : 

I'ension of cord : weight of a :: c : c; p, 
or 

'I'ension of cord . c : : weight <»f a : c p. 

Hut from the other weight we have abo 

I'ension of cord : c <; : ; weight of u : c 
Whence obviously 

Weight of A : < r : : weight of u : c Q. 

It is therefore olivious that eac h of the weights is 
projxirtional to the length of the j'lane 
on whic h it rests. 

This can l>e shown in a different 
way by a somwhat curious method of 
reasoning. In fig. 6i let a n c be a 
triangle, of which the side a it i.s hori- 
zontal. Supf>ose that a chain is hung 
round the triangle, so that while it is 
in contact with the sides at a c and b c it hangs 
down loosely at p. It is erident that since a b s 
horizontal, the part a p b of the chain is sym- 
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metrical, and therefore the tension of the ch?in at 
A is equal to that at r.. What, tlien, is the tension at 
c ? It must (onsistof the tension at a augmented by 
\vhatev<*r tension is produced by the weight of the 
[jortion v < , or it must < onsist of the tension at u 
augmented by whatever tension is prtwliieed by the 
portion n c . Sima' these must bt' equal t{> each other, it 
follows that the tension due to the part of the 
chain a i must Ik- e qual to that <lui' to the ]>art of the 
( hain u ( . but tl»e wcightN of the < hain are re- 
speetivel)- proportional to llu' li-ngths of the sides t>n 
whi«'h tin V rest ; and thii'. it apj*ears that any two 
weights oTt the sides ( oime< tt'<l b\ a string over a 
pulley at tl\e to)i will remain in equilibriunt, providetl 
that tlie magnitude of each 

w<ight is pr« ►portional to the 
length of the plane upon whi< h it 
rests. 

§ 5(>. The Wedg^e.- rhere is a 
very use ful aj)pli( atit>n of the in- 
( liiu'd plane whieh enables a very' 
large resist.im e to be overcome by 
the at tu»n t^t' a t omparalively small 
force. rhe appliance to which we 
refer is knowit as Ahe wedge, and 
in one form or aniHher is of very 
wide utility. 'The particular form 
of the instrument which we shaJl 
descrilw is the wedge used in splitting limiter I'his 
consists of a piece of iron of a form which will be at 
once undcrstixKl frimi tig. 6j. 'The wedge is urged 
th^ timber by' the blows of a hammer applied 
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on faro, a r, and the ed^es of the timber nt ]> and 
F are fon ibly driven asnndcr. We shall not at j>re- 
sent enter into the of tin* }'e< nli.ir ient y 

whieh tlie Mow of a hamnu r pos^ess(s for such a 
purjKifie as that now under < onsnh latu »n. It will he 
suffirient here to observe that the efiei I of the blow is 
to prodiK e a pressure ujion tlu‘ fat e. a n ; anti it will 
I>c for us to t onsider how tfiai pressure is transformed 
into the fon.es at i» and f. 

For this purpose we ol)servt‘ that there arc 
three fort es at tin^^ iij»on the wed^e, which make 
et|uilibrium. 'I'hese are, firstly, the pressure on the 
fat e, A h ; and set <mdly, the pressuIe^ exerted on \ c 
and nr respet lively by the sitles of the cleft at 
l> and I.. I'he'-e fon t s are ])erj>endi( ular to the 
faces of the wedge, ant] at t along tlu* tlirections D ;// 
•and F, ri. If we take e / to rej>resenl the pressure on 
the tit e, a n, and if thnuigh /* we draw parallels / m 
and / n to tlie lines fi k anti m i», then the pressures 
at i> and t will be represented by vi o and n 0 resjXrc- 
lively. 

We thus sec that the ratio between the pressure 
exerted on a b and the forces aj)plied at i> and E is 
the same as the ratio t)f the lines o p and on. The 
more acute 1^0 angle at c the grealt r is the ratio in 
nhieh the pressures at D and f exceed the jircssure 
on A li. 
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I. What ff)rce is necessary to sustain a weight of lo lbs. on a 
plane inclined to the horizon at an angle of 30", the force acting 
horizontally ? 


Fir. (,7 0,). through P, 





I'V, the horizontal force re(juire<l 
the triangle i'<^v is similar to / 
fx : py::c H : A It. It can U t 
that, wlien the angle at A is 30'’’, n ( 
fi>rc, the re<|uire(l force, P X, is lo- 


: fig. 62 (//), a line, pq, per- 
pendicular to AC; flraw 
(.» \, j^arallel to ii c, and also 
i‘X and rv, parallel to 
It A and Hc resi)eclively. 
'I'hen, if the weight of the 
^ Ixxly l>e represented by 
is I* X. It is obvious that 
u It, and therefore Y or 
asily shown from geometry 
: A H : : I : \' 3 , and, there- 


2. What force is necessary in the last tjueslion if the force 
acts vertically ? . /z/j. . 10 n>s. 


3. What weight could l>e supjx>rte<l, on a plane inclined at an 
angle of 30" to the horizon, by a man who w.is just strong enough 
to lift vertically a weight of 300 lbs.? ^ms. r 600 llw. 


4. Two c<|ual weights of 10 lbs. are supj>ortetl on two (vpposite 

inclines! planes by a cord which i> p.ir.nllel to the Iwisc of the 
planes. If the plaiu s arc inclined to ihe hoi i/on at an angle of 
45*^, determine the lensitui of the cord, ./r/r, 10 lbs, 

5. If a weilgc l>e 12 inches long and one, inch wide at the 

haiic, find the force exerted on the timlwr by a pressure of 
250 lUs. on the end of the wcilgc. : 3000 Uws 



CHAPTER IX. 

FRICTION. 


§ 57. Friction. — In what has been stated in the 
last rha[)tor it has frctiucntly been neressary to make 
assumptions which cannot be realised in ])racticc. It 
has been sup})osed that the surfaces <vn which the 
experiments have been made were prtfu tly smooth. 
Now, in reality, this state of things c an only be ap- 
proximated to. All real surfaces are in some degree 
roui^h^ the effect of the most c areful smoothing or po- 
lishing being only to lessen the roughness. 'J'he c-onse* 
cpience is that, when bodies are in contac t. they do not 
moveovereach other with j»erfect freedom ; their relative 
motion is always more or less resisted, and the resistature 
met W’ith under these circumstanc es is c allcd .A/t /'/c?//. 

This may be illustrated by the following considera- 
tions. \ body resting k,,; c,, 

on a horizontal plane 
is acted up^'n by gra- 
vity, which j)r<xiucesa 
vertical force, acting 
downwards at the point o, fig. 63. Now, if the plane 
were perfectly smooth the minutest force ac ting at f 
would l)C sufficient to move the body along the j)lanc. 
If, however, the weight were an irregular mass of 
stone, and the horizontal plane was the rough floor of 
a quarry, it is evident that a very large force would be 
required to be applied at f in order to move the block 
of stone along. 'Fhe labour will, how'cvcr, l>e greatly 
^ualitated by placing rollers beneath the block, for 




The magnitude of this force will depend upon 
two circumstances, viz., the magnitude of the weight <i, 
and the character t)f the two surfaces which are in 
contact. It will be obvaoiis, from the illustration 
already given, that the rougher the surfaces in contact 
the greater must be die force F. It is equally jiLiin 
that, the surfaces in contac t remaining the same, a 
greater weight at c; will reejuire a greater force at f. 

§ 58. Experiments on Friction. — I'he investiga- 
tion of the relation between the jKiwer k and the 
weight c., when the surfaces in contact remain the 
same, has been the subject of numerous e\|>erimcnis. 
I'he apjiaratus employed for this pur|)ose is repre- 
sented in fig. 64. On a finn horizontal tablg, it, 4 
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slab one of the two surfaces to be exj>erinficnted 
upon is secured ; on this is laid a slab of the other 
substance ; to this slab a rord is attached, whirb 
jasses horizontally to a pulley, e (firinb hxe<i to the 
table at i.), aiul then deseeruls vertically to sup|K>rt a 
tray at o for the j>ur|M>se of < arrying weij^hts. Another 
tray, a, is pla< etl upon the slal> to whit h the coril is 
fastened, and by putting suitable weights into this tray 
any reephred pressure can be produced between the 
tw’o surfac es in < ontat t. 

'1 he experiments are then made in the following 


tM. C,4 



manner. A certain load is placed ui)On the tray 
at A, and then w'eights are plac ed upon r>, until the 
tension cef tlw cord is sutfic ient to draw the slab uni- 
formly along, bearing, of course, the we ighted tray. In 
a second cxj>erifneni the load at a is altered, and the 
corresix^nding weight recjuircd at i» is determined. 
When a number c)f exj>eriments have been made, it is 
found that there is an exc eedingly simple relation 
between the force with w hith the two slabs are [>rcssed 
together, and the force which will just draw the uj)|>er 
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slab along. This relation may be expressed as f<^lows, 
and is often called the first law of friction : — 

The force of friction is pro/nyrtional to the mutual 
pressure between the two bodies. 

For cxam])le, lot us suppose that it has l>een ob- 
served that, when the pressure between the two surfaces 
is lolbs., the friction is 4 lbs. ;then, when the pressure 
is 20 lbs., the friction will be 8 lbs., and so on. 

It must, however, be clearly understood that this 
law is merely an approximation. A considerable 
degree of uncertainty always attends experiments of this 
nature. All that we c an assert positively is that the ol> 
served values of the friction are fairly re])resented by the 
supposition that they are j)roportional to the load. 

'The following are a few values of the constant 
ratio between the friction and the load, deduced from 
experiment : 

Wood ujK)n wood . - 0*50 

Metal upon wood . . 0 60 

Metal upon metal . .018. 

For example, a smooth block of iron weighing 
100 lbs, will l>e drawn by a force of 60 lbs. along a 
smewnh surface of wood, or by a force of 18 ll>s. along 
a smooth surface of iron. , 

The ratios here given are much reduced by the pre- 
sence of a lubricating material between the surfaces in 
contact. For example, if olive oil were placed between 
the two surfaces of iron in the case just mentioned, a 
force of 1 2 lbs, would he sufficient 

We have hitherto spoken only of the effect of the 
total pressure between the surfaces ; it now remains to 
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consider the effect of the area of the surfaces which 
are in contact. For this, again, we must resort to 
experiment, and may use for the pur}K>se the ap]>aratiis 
employed before, only being provided with nu)veal)lc 
slabs of different sizes. It is found by experiment 
that, so long as the total pre.ssure between the slabs is 
constant, the area of the surface of contac t of llie slabs 
is without effect To make this clear, let us take a 
special c.ase. Sup|K>sc that the two slabs are each 
com}>osed of wood, and that they are pressed together 
by a force of lo lbs. 'Then the friction will be found 
to be 5 lbs., and this will be the .s;imc wltether the sur- 
face of contact has an area of lo .stjuare inche.s, or of 
20 or 30. 

A little refle( tion will show that this result might 
have been anticipated from the first law of frictic^n 
already explained. W hen the surfac e of contat t 
has an area of 10 square indies, an<l the pressure 
between the two slabs is lo lbs., then the jiressurc 
between the two surfaces is i lb. per sipiare inch ; 
the amount of friction i.s J lb. persciuare inch, and the 
total friction is 5 lbs. 

But w'hen the area of contact is 20 s<[uarc inches, 
while the load is still 1 o lbs., the pres.sure |rt:r .sf}uare inch 
is 4 lb., and ^y the first law the friction jHrr .srjuare inch 
will be ^ lb. ; but, as the tcjtal number of square inches 
is 20, the total friction will still be 5 lbs. as before. 

The second law of friction is exprcs.scd in the 
following terms : 

Thf force 0/ friction between two bodies is inde- 
pendent of the size of ttu surface in contact. 

J 59. Frictioii on tlie Inclined Plnne. — The effect 
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of friction on the cvjuilihrium of a body resting^ upon 
an inclined plane may be stiulied experimentally by 
the apparatus represented i^^ fig. 65. a n is an hori- 
zontal plane to whic h another plane a c is attached 



by hinges. 'I'his moveable plane can l>c clamj>ed at 
any reijuired inclination to die hori/on by means of 
the divided arc. At it and c pulleys are attached* 
over which a cord posses which can be attached to 
the body l. 
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the rase of the Ixxly i in c ontact witli the 
moveable plane m the vertical jM»sition, it is < lear that 
there is no pressure of the IhmIv a^^ainsl the plane, 
anti that, consetiiienily, il»ere is no lri< tion. In cirtler 
to maintain the body in this posititni a force must l>e 
exerted which is simply e<|ual to the weight of the 
ImkIv. In the case ol the body i resting upon the 
horizontal plane a r.. a fon e e\a< tly tsjual to the fric - 
tion between the body and tlie plane must be exerted 
in order to move the body, 

Let us now supjxtse that the inc linalioti of the 
j»lane is gradually inc rea'»ed. While the im lination is 
still small, llie body remains as steady as when the 
plane was hori/ontal. but at length a c eriain im lination 
IS reac heil, which is represented hy the jK)silion a c in 
the figure. At this inclination, whic h is called the 
c/ friction^ tlie bociy is just on the point of 
descending tlie plane under the action of gravity. If 
the me linalicni of the plane be at all iu« reased. then 
the l>ody w ill de .« eiicl unless held ba< k hy the cord 
passing over the pulley at c. As the inclination cj| 
the plane is m< reused, so the teiisifjn ol the cord 
necessary to hold the body bac k w ill im reuse, until 
it amounts to the full weight *>( the Inxly, when the 
moveable playe lias attained the vertical position. 

Both the laws of fri< ticjii can l»c illiistrateci and 
cionfirined by the u.se of thi.s apparatus. It is observed 
that so Icjng as the c haracter cif the two surlaces which 
are in contact remains the same, the angle of friction 
remains the same wrhatever l>e the weight of the bcxly 
pressing upon it. Now the liiction is equivalent to a 
force acting along the inclined plane, and we have seen 
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that, ’.vhen a body is maintained in equilibrium the 
action of such a force, the intensity of the force must 
bear to the weight of the body the same ratio which 
the height of the plane bears to its length. The length 
of this inclined plane is always constant, and its height 
is constant when it is placed at the same inclination. It 
therefore follows that the ratio of the friction to the 
weight of the body is constant, which is simply the 
first law of friction. 

1 1 is also observed that so long as the character of 
the surfaces in contact remains unaltered, the angle of 
inclination is not dependent upon the area of the sur- 
faces, and therefore the second law of friction is 
demonstrated. 

It is hardly possible to over-estimate the imjiort- 
ance of the force of friction. We often recognise it 
as a destroyer or imjieder of motion, and as a source 
of loss and inconvenieiu c. Hut, on the other hand, 
friction is often indirectly the means of producing 
motion, and of this we have a splendid example in the 
locomotive engine, 'riie engine being very heavy the 
wheels are pressed closely to the rails ; there is friction 
enough to jireveni the wheels from slipping ; conse- 
quently, when the engines force the wheels to turn 
rouml they must roll onwards. W'e hage already seen 
that the friction of iron upon iron is about o i8 of the 
pressure. Sup[wse a kHomotive engine to weigh 
30 tons, and the share of the weight borne by 
the driving wheels be 10 tons, the friction be- 
tween the driving wheels and the rails will then be 
1*8 tons. I'his is the greatest force the engine can 
exert upon a level line. A force of 10 lbs. for every 
ton weight of the train is known to be sufficient to 
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the motion, cunisc<|Ufntl> the engine we have 
been considering should l>e capable of drawing along 
the level a load of 

I -8 2 2,\o -r- I o = 40 ^ u n V 


But we need not go to the steam engine to learn 
the use of fric tion. U’e could not exist without it In 
the first plac e we ccniid not move about, for walking 
is only possible on aet ouni of the tru tion between the 
soles of our slioes and the ground. Nor if we were 
onc e in motic*n could we stop without coming into 
collision with some other object, or grasping some- 
thing to hold on by. ( ibjec ts could only be 
handled with dilhc uli), nails would not remain in 
wockI, and sc:rews wcjuld be equally useless. f in lion 
is, in fact, as far we are c one erned, quite as essential to 
thj economy of nature as the law of gravitation. 

§ 60. Applications of Frictiou. — Among the mime- 
rou--» instances in which fric tion is made use of m 


mechanical ap- 
pliances we may 
mention the 
brake used in 
st!t>pi>ing a rail 
way tram. The 
essential parts 
of this contri- 
vance arc show n 
in hg. 66. .m 
is a handle turn- 
ing a screw' in a 



fixed nut v, this screw- is attached by a rod to the bell 


crank lever a o which turns round the point o; the 
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other extremity of the hell t rank lever is attaef^d to 
the rod h e, whit h acts npon the brake s s. When 
the train is in motif)?! the wheel i-t is revolving, and the 
brake s s is f|iiite t lo^e to the wlieel, though not 
pressed against it. Whei! il desired tf> stf)p the 
train, the hantlle m is turtied. the jioint a is raised, the 
|)oint h is drawn to the right, and the brake s s is 
forced against the edge of the wheel. 



§6i. TJ»e of Belts in Machinery. — A very ex- 
tensive api)liration of friction is met with in the l>elts 
by which it is ciistomar>' to distribute the j>ower of a 
steam engine from the shaft which traverses the mill 
to the different machines which are worked thereby. 
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A sini^iic <asc ol Uh> is shown in fi^. (>7, in uliith a 
j^rnnlstonc »srv<ti%inj; it» iiiotiof) Irom a shaft Alt. ( )n 
the sliatt i'> ft\e<l a «lnitn, v\l»uh re\ol\4.s with it, ainl 
<»vcr tins |»assesa leather In. It win* li einl>ia« es a siinilai 
<lrufn <Mi the axis < »f the ^.^inuUtom. When llie hist 
clrniu revl>ive^ l!u tin lion hetwieii it anti tlic belt is 
siilfit leiitb 4it to lone lilt bxlt to move too, this 
fortes roiiiui tlu thniu attat hetl to the ^niulstonc Uiul 
llnis tlu' enntlstoue levohes. 

^ i\2. Coil Friction. A \t ry t onvenieni means 
of protbn ini; a ver\ j,ireat resistinj^ lort e is aflVirdctl 
b) the frit tioii I at ween 
a /i-vo/ t \ linder and a 
ro[>e w hit li i > < oiled 
round it. In tij^. 6H 
is shown a < N’lintler 
A \.. whit h is tixed se- 
< urely on a beam d i.. 

A w'wa^hl 1' i'» altat hetl 
lo a rttjte: whit h after 
tune |>.is''ed 
rtiuiitl tile » yjjnder is 
held in the hand .n t^». 

If is found that st» 
far as the iigsu tit is 
concerned, the weij^ht n 
can be Iiehl under <0111- 
|>lete control by the ex- 
ertitrn of a c (>m)>ara- 
tivcly small forte at If the cylinder l>c ortlinarily 
rough tlio force which must l>e exerted at in order 
that F inay tjc sustained, is only about one- twentieth 
H 2 
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part of the load p. Thus, if p weigh 200 lbs.,^t can 
l>c ser.UTcly held up by a force of 10 lbs. at Q. 

d’he cHh icnev of iliis t ontrivance can be enor- 
mously in< Teased l>y int Teasing the number of coils 
made by the rope around the cylinder. Assuming as 
l)efore that for one cod the load is twenty times the 
power ; then for two coils the load is 20 x 20=400 
times the power , for three ( oils, the load is 20 x 20 x 20 
— 8000 times the power ; and so on. 

This princii)le lias a very useful mechanical appli- 
cation in the operation of brii.ging a steamer to re.st 
when she comes alongside the (juay. One end of a 
strong ro[je is made fast t(j the vessel, while the other 
end is coiled two or tluee times round a firmly fixed 
post on shore. A man holding the free end of the 
rope can thus exert % ery great power over the vessel, 
and can bring her to rest at the desired momenL 

§65. Wheels. — Having mentioned a few con- 
trivances in which the fon e of friction is utilised, >ve 
have now to point out h(3w it may be partially evaded 
when its influence is deleterious, 'bhe wheel is one 
of the most simple and effective contrivances for over- 
coming friction. A sleigh is a very admirable vehicle 
on a smooth surface, such as ice, but it is totally ifn- 
adapted for use on common roads, reason being 
that the amount of friction between the sleigh and the 
road is so great that to move the sleigh the horse 
would have to exert a force which would be very great 
comj^iarcd with the load he was drawing. But a 
vehicle projxjrly mounted on wheels moves with the 
greatest ease along the road, for the circumference of 
the wheel does not slide, and consequently there is no 
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friction bctw'cen the whet l and the road. 'I'ltc wheeh 
however, turns on its nxje, tlierefore there is sliding, 
and consequently friction, at the axle, but the axle and 
the wheel are verv [)erfe< tly fittetl to cadi other, and 
the surfaces are lubrii aied with oil, so that the fri<'tion 
is comparatively small. 

With large wheels the amount of fri( tion on the 
axle is less than with small wlieels. ( )iher advantages 
of large wheels are that they <lo n<Jt smk nuic h into 
depressions in the roads, ami that they have also an 
increased facility in surmounting the innumerable 
small obstacles from whu h e\en the l>esl road is not 
free. 


rs I IONS, 

1. State the laws of fiictioti. 

2. A Uh!)', 12 Is just on the of 

<»n .a rough inclinc<l piano wliii h rises 2 f<-ei tn a Irngth of S fret. 
What force would <lraw the body along the same plane if 
horizontal? Ant,. 3 U’’'- 

3. Show- that when two snuM>th suif;w<s arc at rest in ron- 
fact with each other, the j'ressvtn- Iw'twfvn them must lie jH*r- 
jK-ndicular to the two surf.ur-^. Is this true if the surfaces l>c 
rough ? 

4. A weight r>f 20 lbs. at !• is ruf'f'ortcd at ».» (fig. Cii) by a 
force of t lb. What force would have t*i l>e exerted at o 
order to raiu: 20 Itrs. svwjK:ndcd at r? Am. • 400 Ilis. 

5. I)cscril>c the a{)plK;ation of friction in the ca.se of Ixrlis 
used for iran.smiiting n»f»tion (o machinery. 
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5 64. Work. — If a man lifts a wcii;lit which was 
])rcvi(>iisl)' lying on the floor, and places it iij)on 
the table, he is said to do ii>otk in the sense in 
which the word is nsc<l in ine< hanics. d he amount 
of icork done < U pends both upon the magnitude t>f 
the weight and also upon the height of the table. It 
is c lear that we < annot tell the amount of exertion 
that w ill be rcapiiretl to laise a gi\en weight until vve 
know the height through \vhi< h il is to l)e lifted, nor 
will it be siitfu ient to know the height unless we also 
know the weight. 

We may adopt as the nnit of loork the small 
fjuanlity of exertion whi( h is necessary to raise a 
weight of one pound through a height of one foot ; 
this is often calleil llu d>ot f^ound. 

If a weight of i lb. has to be raised through a 
height of 2 feet, or a weight • >f 2 lbs. thnuigh a height 
of 1 foot, it w ill be net essary to expend twice as 
much energy as wanild have raised a w t ight of i lb. 
through I foot, that is 2 ft>t>i ptumds. 

If a weight of 5 lbs. hatl to be baised from the 
tloor up to a stt)t)l ^ feet high, how many units of 
work would be requiretl ? 'To raisv 5 ll*s. through i 
foot requires 5 fool pt>unils, autF the j aix ess must lx.* 
again repeated twice befi>re the weight arrives at the 
top of the sttrol. For the whole o|>eration 15 foot- 
pounds will therefore be necessary. 

If too lbs. be raised through 20 feet, 100 foot- 
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pounds of work is rcijiiirt tl for the first foot, the fwimt* 
for the se< ond. third, up to the iwt iuii th, making 
a total of ^ooo fot it pounds 

'Thc’sc e xample s \s ill bo suttu iont to illustrato tho 
following gonoral statoinont ; 

77 //’ affii'tifit o/ iK'i^rk /// rtiinnx // 

throux^i it <*// /f/v; /// /x tw f'frasui in foot /^onntis by 
multiplyifii^ tfu' nnntbor of trot in tfir xi''rn iiriyht by tfu 
nutnbtr of pontut'i in tho yi'orn '.ooix^ftt. 

We in.ir pra«tKally ^lla'^trato tins principle by 
solving tlie following (pKsiion : \\ Onld y«Mi have to 
o\[Knd as nun )\ u<^rk in lilting a weight ot 50 lbs. to 
a height of 15 loot as would bo ro«juirod to raisi* a 
weight of 40 Ib-^. l<' a height ot jo toot r* In tho first 
ras<.‘ the toot poumis t>f wmk «lono are 50 x 15 = 750, 
in the socontl < aso they aro 40 x jo==Soo; the answer 
is thoroforo nog. Hive. 

§ 65. Energy. — riio power of fi«)ing work is 
< ailed onoryv, aiul whateve r is l ap.dOe ot doing work 
is s.iid to possi ss onorg\. We shall illustrate this 
roiKoption by a few siiuj»le o.\ain]*los. 

In wiinling a <l«K k I am < ons< ious of exerting 
pressure with ni\ hand in order to turn the key. I am 
flierefore doing work, w hi<h in tins < aso is cxi>ende<l 
in raising the^’eight b\ whn h the movenrent r>f the 
works in the < lock is sustained. N«rw' wlien the 
weight has boon raised it is e ip.dvle of doing work, 
and the parti< ular work whi<h it is called U|x>n to do 
is that of kce[>ing the works of the ehx k in motion 
against the rcsi.stances to whic:h they are cxixnted. 
'Fhe raised weight of the elcw,k is therefore f:a|>ablc of 
doing work ; it may therefore l»e said to p 08 scS 9 
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energy. Obscrv’c, however, that as the weighs only 
j)ossesses energy when it is raised, the energy is 
simply due to the position of the weight. In such a 
case wc say that the energy is statical. Had the 
f lock been driven by a spring instead of a weight, then 
in winding the clock I do work as in the former case, 
only this work is cxi)ended upon overcoming the 
resistance of the spring to being wound. When the 
winiling is coni])leted the s])ring may lx? said to 
possess statical energy, for it pf)sscsses something 
which gives it the power of doing work until the time 
comes for winding tlie clock again. 

Gunjxnvder may be likened in sf)me degree to a 
highly compressed spring. It is in fact largely 
charged with statical energy which can be suddenly 
transformed into work. When a ritle is discharged, 
the statical energy of the gun])owder is ex|x?nded in 
giving velocity to the bullet, Init the energy originally 
in the powder is only transformed, it is not losL 
A little consideration will show that in this case 
the bullet actual y carries away with it some of the 
energy originally possessed by the gunix)wder. Had 
the rifle been jxiinled vertitally upward.s, it is 
]>lain that the bullet would have gone up ve^tical^y 
also. Therefore the bullet must hc.ve possessed 
energy w*hen it left the gun, because it was able to 
raise a weight, />. its owm weight. 

Without supposing the bullet to be shot ver- 
tically upwards, we can still show that it possesses 
energy when it leaves the gun. Imagine a deep hole in 
the ground, at the bottom of which is a small weight 
to which a cord is attached, which, passing over a 
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pullej^ai the top of the hole, is attached to the bullet 
in the rifle. Then, even if the rifle were fired hori- 
zontally, it is obvious that (if the coni tiiil not break) 
the weight in the hole would be lifted ; therefore the 
moving bullet has done work, and therefore it must 
possess energy. 

We are thus led to the con< ejuion that a body in 
motion possesses energy, ami this is t»ften tailed 
kinetic energy, to distinguish it from statical energy 
already considered 

In the case of the rifle bullet fired vertically up- 
wards, we have a gootl illustration of the c hange of 
kinetic cnerg^y into static al energy, as well as the < on- 
verse operation. W hen the bullet leaves the mouth 
of the rifle (which for simplicity we shall consider to 
be at the surface of the earth) all its energy is 
kinetic; as the bullet ascends its veloc it)- dimini.shes, 
and there is a corresponding dec rease in the kinetic 
energy. (.)n the other hand, it is gradually accjuiring 
static:a! energy, for, as its distam e from the earth 
increases it would be capable of elejing more and 
more work by merely being allowed to descend. At 
length a moment arrives when the upward velocity 
c^^es, the bullet is then for an instant at rest, and its 
kinetic energy* is then zero. Hut now the statical 
energy is at it.s maximum, for the bullet would be able 
to do w’ork while descending through the entire dis- 
tance w'hich it ha.s attained. If, hcjwever, the bullet 
be allowed to descend freely ; its statical energy will 
gradually become transformed into kinetic energy, and 
when the bullet finally reaches the ground it will have 
regained all its original kinetic energy (saving what has 
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been lost by the resistance of the air), whilc^it will 
have ceasefl to iK)ssess any statical energy. 

In the range of <.nir experience we tlo not find any 
case in whu h it can be said that energy is created. It 
may l)e thongiit at the first glam e that by the aid of 
(ertain contriv antes (tor e\amj»le, steam-engines) we 
are enabled to create energy, but this is not really so. 
Knergy subsists in a vast miinber t)f forms, and by 
our contrivam es we are able to turn one form of 
energy into another lorni, but this is a very different 
matter from < reating energy. It is of the utmost im- 
portance that this be c learly understood, and therefore 
we sliall (’onsider several c ases, in whic h, by the aid of 
mec hanic'al « ontrivanc es, we are enabled to transform 
pre-existing energy itUo a useful form. 

'Take fust, as tlu' most siiujile instance, the- c ase of 
a flour-mill driven by an ordinary oversliot water- 
wheel. 'The wlieat is c rushed iK-twcen heavy stones, 
and to fore e these stones to do their work a ciuantity 
of energy is recpiired. 'This energy is communicated 
by the sliafting and wlieel work (roin the water-wheel 
to the mill stones. but the water-wheel does not 
create the energy ; it merely sc'i/es on a portion of the 
statical energy of the w ater, and tran.sforms it into 'a 
convenient shape. I'he conditions tender which a 
water- wheel w ill work are found in the j>resence c^f a 
mill-pond, and a channel at a lower le\el than the 
jond, by which the water can be carried away after it 
is used, d'hus the water in the jK>nd has the statical 
energy, which is due jointly to its weight and to its height 
al>ovc the channel. The ejuantity of work which can 
occompUihed inside the mill can never exceed the 
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of foot*]X)un(is, whirh is found by nmltiplyinii 
the nuinl>€*r of ]>oiinds of wate r iisc<l into tin* nuinlxT 
of feet through which the water has tlest ciuled. Asa 
tnatter of fart the quantity t>t useful w<irk whuh can 
a< tually be done falls considerably sluat of the theu 
reticid ofVn iency of the vs heel. d Ins is due partly to 
the friction in the mat hinerv, and ])artly to tlie iin 
perfect manner in which the watei wheel itself a< Is, 
It is, liowewer, belicwfd that if all the stat i< al energy of 
the water (ould lie utilised, the n it uoiikl be j)re< isi i)' 
equal to tile quantitv of work doiu - It will llius l>e 
seen that the water wheel ran in no sense be said to 
Ik: a t reator of energy. 

I ,el Us push the eiHiuirs bark a step liirlher, aiul 
en<|uire flow it is that the water has a( quired the sla- 
tieal energ)' by whirh it was enabl<<l to dii\e the mill, 
d'he water r»riginallv niu>l base l.dien m the lorm ol 
r.iin, anrl is desr enriing !)\ a rivr i on Us wa\ to the 
sea, when it is inirTr r-pn. <l by tlu- dam wlu« li «r»nve\s 
it lr> the mill ))onri. but how r aiiie the water to be 
raiserl into tfu* air, so as to form ram? d htre ran 
lie no driubt that the water wa^ first of all drawn 
frr>in the sea, wlieme it asrenrltd in vaj.our into 
file atmosphere. I’his prrn ess was in<Iu< erl l>y t/ic 
hrat of tJir sun. We are thus le<l to the roiireplion 
that the ravs of tlie sun < onvey energ) the earth, 
and that r on.sequently the work done in grinrling com 
in the mill is rlue to die energy whir h the sun pos- 
sesses in virtue of its enormous temperature. 

The horse which conveys the corn to the mill, as 
well as the lalxiurcr who carries it in, are car.h j>cr~ 
forming work, but neither the horse nor the man can 
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be said to create the energy which enables thgm to 
do work. The energy of the horse is derived from 
the hay and oats on which he is fed ; but whence do 
the meadow and the oat -field derive the energy which 
is certainly found in their crops. Here again we trace 
the source of the energy to the sun, under whose in- 
fluence the crops are grown ; but it would lead us too far 
to endeavour to exj»lain the process by which the 
growing plant seizes on the energy which it finds in 
the sun’s rays, and consolidates that energy within its 
foliage and fniit. 

Finally, let us suppose that the miller calls in the 
aid of a steam-engine to turn his mill-stones. Can he 
by this means c reate energy ? We must in this case 
look to the coal with which his boilers are supplied as 
the rc al source of the energy'. 'I'he steam-engine is 
in fact merely a convenient method of transforming 
the energy latent in ccxil into a useable shape. 

But where di<l the coal derive its energy? It 
seems certain that in ancient days the earth was fur- 
nished with a luxuriant vegetation, and that portions 
of this vegetation have been preserved by peculiar 
circumstances in the form of coal. Here, again, we 
see that the rays of the san arc tlie source of energy 
by which our steam engines are moved.* 

§ 66. The Pulley block. — It may, however, be 
thought that by’ the use of a y>air of j)u I ley- blocks, or 
other means whereby a small force can be made to 
overcome a large one, it w’ould l>c jx>ssiblc to transform 
a given quantity of energy into a larger quantity. 
This is not the cast*. 

In fig. 69 is shown an arrangement whereby a 
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weigh^ p is able to balance a larger weight w ; the 
relation between the weights 1 * and ^ 

w is to be deduced from the fol- ^ ,“4 

lowing considerations ; The cord 
attached to P passes over a pulley in 
the upper block, and then descends 
to a pulley at the low'er block, thence 
uj) again to the iij)per block, and 
so on, until three pulleys in the 
upper block and three in the lower 
block are embraced by the cord, 
the end of which is finally secured 
to the bottom of the upper block. 

The tension of the cord will 
be unaltered by passing over the 
pulleys if there is no friction, 
and therefore the tension 
the Corel throughout its entire 
length will be simply c«^jual to the 
weight p. 

It will be observed that the 
weight w (and that of the lower 
block) are supported by six dif- 
ferent parts of the cord, and since 
each of these# is straine<l by the weight f', and since 
they are all practically y>arallel to each other, their 
resultant will be 6 p. Hence the w'eight w and that 
of the lower bltK k are together six times the weight 
of p. 

It thus ap|>cars that by this arrangement a weight 
p is able to balance a w eight w’hich is six times as great 
as ^itself, and that therefore the slightest increase to 


A 




r 




i) 

(£l 



Mcduinks. 


1 lO 

p wouUl a< tiially ( ause it to clescc-nd and raise w. But 
(an energy he created hy siieli an operation? I^et us 
suj)pose that p is i Ih., and tital therefore the load it 
supports l)y the aid of the pulley is 6 Ihs. Now if P de- 
scend a disiaiu e of 6 feet it will do six units of work, 
hut as there are six portions of the < o'^d hetween the 
two jailleys, then when p has desc ended six feet and 
pulled out six feet of the ca^rd, each 
of the portions of cord between the 
two pulley bloc ks will be shortened 
one foot, and therefore the weight w 
will be raised i foot. It therefore 
appears that when six units of work 
are done by P, a weight of 6 lbs. will 
liave been raised i f(K>t ; /.c. six units 
of work will have been done against 
w. It follows that the six units of 
work ap])lied directly to w would 
ha\ e at compli'-hed just as nuic h work 
UjK>n it as when they were ap\)lied 
by the intervention of the pulley- 
block, 

I'he eonvt ihenc e of the pulley- 
bUn k arises from the eircumslanoe 
that though it cannot i;>cTeasc energy, 
yet it enables a large resistance to 
be overcome. iSup|>ose. for example, 
that a weight ol ^oo lbs. has to l>e 
raised a c ertain height ; a man could 
not lift such a w*eight without some 
such aid as a pulley-block could afford him ; but the 
total quantity of energ>' which he must expend to 
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acronyOish tlie vvi>rk witli the ptillc y hh>< k will lu* 
fjuitc as inii( 4 i as wouM Ik- siiftu ient lo raise the 
weij;hl if he < ouM <li\i,le it iiUo ten jtorlions of 
50 Ihs. and then lift eat li of them se]»aiaUly l>y his 
haiuls alone. 

'i'he elf«< ient V t>f tlie* |>uliev-hlo; k is \ c ry < oii'^idei 
ahly i»nj»aired by l))c* aeHoii «>f tiu tion. Instead of 
the power Ikmuj; onl\ oiie-si\di of load, it is fmind 
that in a j>air of ordinary three-slu ave pulley blot ks 
a j>o\ver of one fourth of the loail is re*iuired. lender 
these « in uinsian< es there is positi\ elya loss of enc r|.iy 
by the use of the pulley bl(M k. 'I Ik- most i onxenielil 
j>raelical ft»nn of the instruineiil is show n in fig. 70. 


I. IW liuc a f<x )t • j»< »uii«l I'f work. 

flow inany f-»>t witJ be in 

\\cij.;ht of <)o lbs. 4.f lo fn i ' .tta. 

3. flow is it sljovcn that a b'«lv, wh<ti in motion, jios-,< . 
eiu r^y / 

4 . I hstin^siisii 1 »<t <'<-ri s’alii.i) <'tt< t;.'y au'l kiJirlic « in n')'. 

IfoVi i'* it >,iiov\ I) lli.il I n* *! r Tt-atr<f by a u at im w lift 1 

5. What 1' tlic oi.ojri of Uit. t»t‘ U') by wltitfi a water-wh«» l 
i> set ill iin it ion 

6. Is t.t\t r}.^y / by a ^n ain enginr If riot, fiorir what 

sftart'e* tb»C‘' it com»- ? 

7. A steam -q^i^inf of one horse powt » < .ipablc of jn.r- 

forming 33,000 f<x#t }xiaiwb of work j»er mtmitrr. flow many 
luurks, tat fj weighing 14 stone, will sut ti an engine tie alile to 
lift 50 feel in tight flours.^ Jn . lOlfe 

S- Ikrscribc the three sheave |«ulk) -lihxek, arni exjilaui its 
use. 

g, VVh.it power wouM tM* re^jnirc'f to raise a loa<i of 4 Ions 
by a 4-shcave pulley blcx:k if friclieio Ire omitted ? Anj , : Half 
^ too. 
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CHAPTER XI. 


1‘kACTICAL II.I.USTRA HONS OF MECHANICAL 
PRINCIPLES. 

§ 67. The Windlass. — A cylinder a (fig. 71) has 
a handle attached to it at m ; and round the cylinder a 
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rope is wound from 
whi( h liangs the bucket 
p. rhe cylinder is free 
tore\olvein its bearings, 
and when the handle is 
turned the cylinder re- 
volves and uinds u[) the 
rope, riiis well-known 
contrivance is called 
a Windlass, and is of- 
ten used for raising 
water from a well. We 
have to ascertain the 
relation between the 
power F, which is applied at the handle m, and the 
load p which is raised in the bucket. 

\\'e shall suppose that the jx)wcr is 
ap{)lied in a direction which is {>eq)en- 
dicular to the ann of the handle, the 
relation lx.‘tween the jx>wer and the load 
t an then be determined by the prin- 
( iple of the bent lever. Fig. 72 repre- 
sents a sectit)n of the cylinder ; the 
bucket, of which the weight is p, hangs vertiailly from 
A, while the power i is applied i>erpendicularly to o 
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T/te Capstan, 1 1 3 

For cquilibrivm we must hav'c the following con> 
ditioTt: 

T'/tr pirii*rr must hr to ttu in thf samr ratio as 

the radius of the rriintfor to the ^aatus of ttu tirt/r 
described by the hau,i/t\ 

§ 6K. The Capstan.- I'h is wry useful n]»))han< e is 
represented in fig. 7^. A \erti< al < \lirultT is nuuintetl 
so that it < an revohe in h\e<l hearings. 'This r\ linder 
is made to revolve by the pressur<- (♦f <>nt‘ or more 
men against the ftjur arms vvhi( li stand out from the 



top of the cylinder in a direction ]>eryx:ndicular to its 
length. The pow er poxhn ed is transmitted by means 
of a rope which receives a few turns round the 
cjdinder in tlTe way shown in the figure, 'hhe man 
who is sitting cT^iwn holds the free end of the roy>e in 
his hands an<i coils it up as it is gradually wound in. 
In order to understand why the rope does not slip, 
reference must be n\ade to § 62. In this case, since 
the rope makes two complete coils, the man wdio i« 
holding the rope need only exert upon it a force 

I 
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vvliich the* iH- 400 th part of tliat exerted on the load 
to wliu h tlu- other end of tlie rope is atl^irhed. '^Fhe 
relation hetween tl>e powt. r api>lie(i at tlie liandle and 
tile load oven (Hiie hy the rope is easily ftnind from 
the j)rin('ii)le of the ])ent lever, and we have the foh 
lowing result : 

The poicer a/^plieJ to the ortn of a capstaPt bears to 
the toait the stpppie ratio re/z/V/z ttie raJius of the cylinder 
bears to the tep/^/h of the arm. 

Suppose, for e\ainj)le, that the radius of the cylinder 
of the capstan was 7 inches, and that l ac h of the arms 
was 7 feet, then when one man is working as repre- 
senletl in the figure, twelve times the ton e which he 
exerts will he transmitted along the rojjc. If four 
men are working the capstan, then the force trans- 
mitl<,-d along the rope will he 4.S times the force exerted 
h\’ ea< h of the men. 

'riu‘ capstan is used wlu-n a great fori e isreiphred 
to he transmitteil hon/onially, as. for e\amj)le, m 
moving vi'ssils when in port. 'The rope use<l for 
these jnirposes is v er\ stout, and ofl«. n a great length 
of it has to he drawn m. I'ntlersiu h eio uinstances a 
windlass vvauiUl not answer the purposi-, het ause the 
great ijiianlity of r»>pe would he me Dnv enient ; hut 
with the capstan, hy keeping v>nly two (V three turns of 
the rope at a time up<.)n the i vlinder, this dithculty 
can be completely gv»t over. 

§ 69. Toothed Wheels. — It is freviuently necessary 
to communicate rotation from oneaxis to a parallel axis, 
and there are various methods by which this can be 
accomplished. One of these methods has already 
been referred to (§ 6 x ) ; anolhex cf them will be here 
considered. 
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A^and r* 74) :\u two wheels Tnonnted on 

jxiraHcI axes. K:u h wheel i*> h!r!ii>he(] with jnojoef 
in|;; teeth which eiuer into iJie * (>ries| M>n<ha^ spare?’ 
in the otlier w hee l \Mu t^ otie « *f thest* w heels re 
v<>lve>, it ui < e'>s.i!iK ‘ .ui'-t > lie ollu i wlexl tt» ie\i>l\e 
also. At l)ie j>la« I- wht ie the two wljeels are in 
rtnUat t it i^. clear that the leetii on each wheel must 
he ino\ in^ with the same \elo<!ty. Suppose for 
cxami)lc that 10 teeth on the whee l a ]>ass litc !>ne 



joining the* < enlre". of \ and n in one- inimite, then 10 
teeth on tlje #heel i; will pass the* same line in or.:, 
minute. 

Sine e ail the* lectli e'en tin* tws> wheels are of the 
same size, it appears that the ninnhe r of teeth on eat h 
of the w heels will lx: pru|>ortit»naI t<^ its < in umferenre. 
and since the circumferences are pro|>ortic»nal to the 
radu, the number of teeth on each wheel will be pro- 
portional to Its radius. 
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The wheel r contains 44 teeth and the wheel a 20 
teeth, so that when 20 teeth have passed the fine of 
cenlres then a must have made one revolution, 
and when 44 teeth have passed the line of centres 



then II must nave made one revolution. It therefore 
api>eajrs that when ii has made one complete revolu- 
tion, A must nave made 44-^20 revolutions, and in 
genera- we have me following result : 

When hiH> toothed wheels are UHfrking together the 
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numhp- oj re: oluttons made by each of the wheels in a 
f^h'rn (ime h inversely proporiional to the number of 
its teeth. 

% 70. Transmission of Force by Toothed WheeU. — 

A very rna< liinc tor lifting weights is shown m 

hg. 75, the princ iple of \vih< h can l»e l»csl cx})laincd 
if w'c look only at the essential working parts (fig. 76). 
A weight I' is susjientled K„.. 70. 

by a rope which jiasses 
at A round the < yhndcr 

a e. 'Fins < ylinder is \\ Fy 

attached to the large S ^ \ 

toothed wheel r, into ~ 

w'hich works the smaller '•. ^ 

toothed wheel o t. riu* 

handle at m turns the 

small toothed wheel; ^ 

this causes the large | Pl J 

toothed wlieeh ‘‘nd with 1 J 

it the cylinder, to revolve, ami tiu> lai^t s the load r. 

^^'e have then two disiim t (juesiions to consider ; 

I. Through w hat di^Ul^< e must the handle Ijk; 
moved to raise v one foot ? 

• 2. What }>ower must lie applied at the handle in 

order to raise^a given loacl? 

It wall fac ilitate the consicieralion of these cjues 
tions to mtrociuc e ac tual number',. W'e shall suppose 
that the large wheel i h;i.-» H8 teeth, and the small 
wheel t 22 teeth, and that the length om of the 
handle is 12 inches, while liie radius of the cylinder 
is 4 inches. 

When the handle has made one comjilete revolu- 
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contact of the wheels, and the Uwui is overcome at a. 
We can in the first pla* e <!eterinitie the ratio in which 
the jKiint of < ontai i of the wlu t U ilividcs the line 
joining the centres t and <», alamt \\hith the levers 
turn ; for sine e one of the wheeU has four times as 
many tee th as the otlier, its radius must alsr> 1 k' four 
times as great as that of the other wheel. 'Die absoUiU: 
lengths of the radii arc determined by the si/.e which 
it is necessiiry to give to the wheels, in order that the 
teeth may be strong enough to resist the forces to 
which they are exposed. At }»resent we are only 
concerned with the ratio of the radii, and wc* may snp- 
|»ose that the radius of the smallt r uheel is .4 inches, 
and that of the larger i(> inches, these numbers, it will 
Ik.’ observed, basing the desiretl ratio. 

Now by the prineipU* of the bent lever the force 
applied at .m f>erj»endi< ularly to the .uni o m bears to 
the load over* oine the sanu- r.'itio as the radius of the 
small wheel b(.*ars to (* m, and hem e it follows that the 
power applied at M is nnilnpin *! ; fold when a|>plied 
to the c ir< ninferen* e of tiie large wlieel. If, therefore, 
a force of 10 lbs. be a)^plie<l at \! along the line M »•, 
then a force c^f.^o ll». is applied to the c ire umferem c 
of the large w heel j»cTj>cndi< ularly to the line of t enlrcs 
oc. JliU this ^re.e (ft 30 ma\ be c considered as the 
|»cjwer ujoplied to the longer arm c>f the .second bent 
lever. And as the arms cif this lever are res|K:c:' 
lively 16 inches and 4 me lies, it follows that the forex* 
of 30 lbs. will be able to overc cjine a Icjad at a 
which bears ici 30 lbs. the same ratio which 16 Ixrars 
tx> 4. I hc load w liich can be sustained at H is there*- 
fore 4 X 30 = 120 lbs. It thus ajijiears that a jiower 



120 


MecJtanics. 


of lo lbs. applied at m perpendicularly to the liye om 
will balance a load of 120 lbs. at P. 

We may now bring together the two results at 
which we have arrived. We have seen, in the first 
j>lace, that the power must be moved through a dis- 
tance of 12 feet, in order for the load to be raised 
through a distance of i foot ; and now we have 
ascertained that the pressure aj^plied at M will be 
able to overcome a load at v which is 12 times as 
great. 

In applying a i)rcssure of 10 lbs, for a distance of 
12 feet, a quantity of work is done which is equal 
lo 120 foot pounds. We therefore ])erform 120 foot- 
poiintls of work against one j)oint of the machine, and 
we ask how imu h work has been done at the other? 
'I'he answer is easily found. 'The weight which has 
lx?en raise<l is 120 lbs., and it has been lifted through 
1 foot, and there fore 1 20 foot-pounds of work have 
been aecoinplisheel. 

Here, again, we have an illustration of the funda- 
mental truth that we cannot create energy by the use 
of mechanical eontrivances. .Ml we can do is to 
modify the form in winch the work is accomj>Iished 
which energy is < apable of doing. 

If we examined other mechanical ♦arrangements, 
t ontrived for the purjK)se of augmenting our jx>wer, w*e 
should arrive at a similar result : hence we may make 
the following general statement : - 

TAr ni/ih of the disianu through 7ehich the penoer is 
exerted to the distaetee through which the load is raised 
is e^ua/ to the ratio of the ioad raisett to the /Hm*er 
applied. 
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§ j|i. The Chinese Windlass. — An ingenious con- 
trivance for enabling the exertion of a comparatively 
small power to overcome a large resistance, is pre* 
sented in the machine known as the Chinese Windlass 
(%■ 77)* One half, c, of the cylinder of an ordinary 
windlass is made with a somewhat smaller circular 
section than the other half, n. The two ends of a 
rope are attached to the j^arts li and c, and arc coiled 


Ki.. 77- 



around the c>1inder in the way shown in the figure. In 
the loop of the rope a moveable jmlley a is susjHrndcd. 
When the hamlle at r> is turned the roj»e is wound 
uj>on the cylinder n, but at the same time it is un- 
wound from the eyhntler c ; owing, however, to the 
fact that the cylinder b is larger than c, the rojx: is 
wound up slightly faster than it is unwound, and there 
fore the pulley a siow'ly ascends. 
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^Ve ccm\(\ ascertain the power necessary to giise a 
^^iven load direc tly, i)Ut for the j)iirposes of illustration 
wc sfnll make use of the [>rinc :if>le of work. 

Le t us suppose that the cireumferenr e of the 
( irrie desc ribe*! 1))’ the handle n is 5 feet, and tliat the 
efre<'ti\ e < irt umferenees of the cylinders H and c are 
resj>ec.ti vely 2 feet and i focjt 8 inches. When the 
liandle lias ( omjjleted one revolution the power has 
been applied throuf;h a distanc e of 5 feet ; conse- 
quently 2 feet of the rope have been wound up upon 
the cylincier li, while i foot 8 inc lies has been un- 
wound from c. 'rhe part of the rope whic h is not in 
('ontac't with the cylinders has therefore been shortened 
by the dift'erence betwee n 2 feet and 1 foot 8 inches, 
that is by 4 inelu's ; and as this must be e'qnally dis- 
tributed between the two portions e>f the rope goin;.t 
to llie ])ulley a, it follows that eae h of tlieni will be 
shortened by 2 inche s, and that llieretore the pulley a, 
anti conseqne'nily the load suspended from it, will be 
niiseel throuj^h 2 Itu lies. It thus aj>pears iliat wlien 
the penver has l)een applied threiugli a distanc e! of 
5 feel, llie load in ill liaN e* been r.iised throiij^Ii 2 ine he s. 
If, llu-refore. trietion Ik* ove rlooked, it lollows, from 
the ])rine i]jle of work, liuit a i^i^e-n ]Kiwer applied n\ 
the haiiille will be able le) raise a leiad a^ a whic h is 30 
tiaics as great a.s the pe^wer. 

It will thus be seen that this t contrivance enables 
a small feorec le) be turned into a very much larger 
one. I'hc eOiciency of the inslruineiU will be the 
more increased aecoreling as the diameters of the 
two cylinders become more nearly equal. On the 
other hand, the machine wiil become more siow in its 
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action in [)roportion as it becomes more powerful ; in 
fat t, it is c\ identthat if the two cylinilers were actually 
e»|iial the Itjad would never l)e raisetl al all. 

72. The Differential Pulley. I'lu; j»rini iple 
embodieti in the ( hinese Windlass is also applied 
in a much more 
<omj>att matldnc, 
known ns the dilTer* 
ential pulley, shown 
in 7S. In order 
to explain this <011 
trivaru e, a diagram 
is shown in h^'. 79, 
whii h exhibits the 
«node in \\ hi( h the 
ma< hijK* a< Is. 

d'he <htierential 
j»uUey-blo< k a < on 
sists of twti wheels in 
t>ne ])ie( e. furnishril 
with grooves in \\}n< ii 
the ch ain rests. < >n< 
ift these groove'', 

< ^ is slightly 

larger than the*«*ther, 

I* i/. An endless t hain j*asses ovt r this blo< k in the 
following way. < ommeiu ing at the point marke d r, 
where the power is aj»}>lied, the part of the 1 hain 
marked i |na.s.ses over the larger wljecl in the Uf#per 
bltK'k, thence down again at 2 under the lower pulley, 
up again at 3 over the smaller wheel, and then down 
at 4 to join i. 
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When the chain is pulled downwards at^F the 
up])er block begins to revolve, the chain is wound in 
by the larger groove and lowered down by the smaller 
groove. As it is thus wound in somewhat faster than 
it is lowered, the load slowly ascends. 

In order to explain the jjriiu iple of this ingenious 
contrivance more lully, it will be well to take a special 
case- In a ]>ulle> -blot k of this kind which was em- 
ployed in certain experiments the effective circum- 
ference of the large groove was 1 1 84 inches, and that 
of the smaller gro<3ve is 10*36 inc hes. W hen the upi)er 
pulley has made one revolution, the large groove must 
have drawn uj) 11*84 inches of c hain, since the chain 
cannot sli[) on account of < eriain ridges in the groove. 
In the same time the small groove has lowered 10*36 
inches of c:hain ; hem e when the upper pulley has 
revolved once the c ham between the two must have 
been shortened by tiie ditVerence between 11*84 and 
10*36, that is, by 1*48 ; but this c an only have taken 
place by raising the moveable pulley through half 1*48, 
that is, through a spue e 0*74. 'I'he jkjwct has therefore 
acted through i 1 *84, and has raised the rc*sistance 
0*74- The power has therefore moved through a sj>ace 
16 times as great as that through which the load 
has moved. In iact it is very easy to K*rify by actual 
trial that 16 feet of cliain must be pulled out in order 
to raise the load 1 hH)t, 

If it were not for friction wc should infer, from the 
principle of § 70, that the j>ower nevd only be the 
sixteenth i>art of the load ; a few trials w'ill, however, 
show that the re:d ethciency is not so large, and that 
in (act more than HeUf the pou-er exerted is merdy ex- 
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pen did upon o 7 'crcoming friction. 'I'his will lead to a 
result^bf considerable practiral importance. 

With the pulley-block at present under dcscri}>lion 
it was found that a load of 200 lbs. was raised by a 
jx>wer of 38 lbs., that is to say, the power is about 
one-sixth of the load. This result was confimied by 
placing different loads on the lower blof k ; and there- 
fore we may safely adopt the practical rule that with a 
pulley-block of this <'lass a man wouUl be able to rai.se 
a weight six times greater than he ( ould without such 
assistance. 

It will thus be seen that friction h.as an enormous 
effect on this description of ])ulley block. Kvery 
jKxmd of force exerted would raise if> lbs. if there 
were no friction, while the presetu e of frit tion at tu- 
ally reduces the It>ad raised to less than half that 
amount. After this statement it will seem somewhat 
paradoxical to a.ssert that the differential pulley really 
owes a great jjart of its utility to the large friction 
present. It is a very remarkable and useful property 
of the differential pulley that a w eight w hich has l>een 
hoisted by it will remain susj>cnded without any 
tendency to run down. 'I'his is a source of great 
firactical convenience, not [possessed by some other 
pulley -blocks.* The load raised by the three- sheave 
puIIey-block, § 66, for instance, will run down unless 
the free end of the rope be properly secured. 'I'he 
difference in this resjied between the three-sheave 
pulley-block and the differential pul ley -block is not a 
consequence of any s|>ecial mechanism ; it is simply 
caused by the excessive friction in the latter. 

} 75. The Screw. — The general principle of this 
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very useful mcrhaniral jK>wcr may be iind^tood 
frf)in fig. 8o. 'rhe screw a it is prev ented from longi 
tudinal movement, but is <apal)le of l)emg turned 

round l>y the handle 
< 'The jjie< e i> K 
is « apable of longi- 
tudinal movement 
whit'h is communi- 
t ated to it by a 
])rojccting pin 
which enters the 
groove in the screw. When the st rew is made to 
revolve, the pin is c arried along and, in one comph’te 
revolution, the pin, and therefore the piec e !> i:, will 




move through a distance 
e<iUvil to tliat between two 
conse< uti\e threads on the 
screw. W f hent e see how the 
relation whic 1\ subsists be- 
tween llie fort e and thehnid 
can be (t>m])Uted in the 
case t>f tile screw by the 
print iplc t>f work. When the 
jKiwer has mtivetl ronrtd 
tmee in the* t ir< innferencc 
of the t in le which it de- 
scrilies. the load will have 
movetl through a distance 
ctpial to the interval be- 
tween two consecutive 
threads of the screw. 


To illustrate the application of the screw for the 
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]>iiq>osc of exerting n very great i)res*iure through a very 
siuall^jKK'e, we shall take the ease of the' l>ookl)iru!er’s 
])ress, tig. Si. 'Die nut ol tlie s» u w s i-s lu this ( ase 
turneii by a handle n i*. I lie s« n vs Jtselt. s s, is al!a< lual 
at the toj» to a plate, n, whi« h ( an slide v a rtii alls between 
lltctwo fixed svipjioris, l)Ui the srrew is not itst II c apable 
of rotation upon its axis. 'I'he books to be |»ressed are 
placed between the plate on the lop of the screw and 
the top of the press. Hy turning round the handle the 
nut is turned round and the sc rew is fore ed upwards. 

'I’o show the great power whit h a mac hiiu- of this 
description is c apahle of exerting, let us suppose that 
the interval hetua cn the threads of tlie .s< rew is one 
third of an iiu Ii, and that the c irt uiulerenc e of the 
circle whic h the power de.se rihes is etjual to seven 
feet, then the disianee through vviiith the povvi*r 
moves is e'lual to 252 limes tlie distant e tlirough 
which the loatl iu*>ves. If, ihert l<»ri , tin re were no 
friction, the bttoks wouhl be s«jtu'«v«.ti with a jMiwei 
252 limes as greit as that applit tl to the extremity 
of the h, indie I'he presence of In* t ii>n will probably 
recluc e this t<» about one fourth. 

C )» Fs I U •NS. 

1. If’ht* h.'irullf of .1 wiri'fl.iLSs c ftj' 71} h.s vc .t r:uhu . ecjual 

til 5 lifiirs the railni** *»f r}»«- 1 y!ini|» r loui.'l wftKh ilj« is 

Wiiuriil. ilcti-rminc iltc foirc whit ft juie? )•* agglKil lo lfi«,* 
hantlJe to raise- a lo.atl of i(x> .tm. 20 h.s. 

2 . Show tli.a! ific energy cxpcntltsi in turning the hnntllc 
ct|Vial itj the work tfonc in rai.sing tfic Imckct. 

3. Describe the principle of the capstan. If tfn* length of 
the arms of the capstan f>e 12 times the radius of the cylinder, 
and if four men each exert a preasurc of 40 ibs. up«m the arms, 
what will be the tension produced cm the rope ? Am. . 1920 lbs. 
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4. If a wheel, B, fip. 74, have 75 teeth, how many teeth 
should there be in the wheel a, so that it shall malpc three 
revolutions while the large wheel makes one revolution? 
Ans. : 25. 

5. In a machine such as that represenfetl in fig. 75 ihe radius 
of the circle descrihetl by tlie handle is three times the radius of 
the cylinrler, and the numl>er of teeth m the small wheel is one- 
seventh of that in the large wheel. If two men are working 
this machine, how much force must each exert to raise a load 
of one ton ? A ns. : 53*33 lbs, 

6. In the last case find through what tlistanre each man must 
exert his force in <irdcr to raise the loatl through a height of 20 
feet ? Arts. : 420 feet. 

7. In the t'hincsc windl.ass, fig 77, show that the tension of 
the rojie is onc-ha!f the lo.ad su^jH‘n<le<l from the lower bh>ck. 

S. Sliow that the lelation l>ctwecn the power anti the load in 
the t'hincse windlass may Ik* «le<luce<l from the princii>le of the 
lever. 

9. If the circumferences of the two whet Is in the upj>cr block 
of a tlifferential pulley Ik- 12 in. anti 14 m., through how many 
feet must the jK>wer l»e exerted in order to raise the hiatl I frxH? 
Ah-c.: 14 feet. 
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TMF. MOTIDN' OK A f Al.l.lNO «ODY. 

§ 74. Experimental Illustrations. — We shall com- 
mence by describing certain simple ex]>crimcnts which 
can l>e readily made, and then we shall discuss the 
laws to which we are ronthu ted by these experiments. 
A beginner is apt to be surprised when he is told that 
a heavy body and a light Ixaly will fall to the ground 
in the same time from the same height. \'et nothing 
can be easier than to prove this experimentally. 'I'akc 
a piece of cork in one haml, and a bullet in the oth.cr ; 
hold your hands at the same height above the floor 
and drop the two objects at the s.imc moment : they 
will reacii the ground together. If, lu^wcver, one of the 
objects were a feather and the otlier were a stone, no 
doubt the former object would be outstripped, and 
would reach the ground long after the latter. But 
this arises from a <’aiise cjiiitc ditTerent f um gravity; it 
is the resistanc e of the air which retards the feather. 
Even the stone is retarded to a cerLain extent, but 
the feather, on account of its greater extent of surface 
in proportion Ipo its weight, is much more retarded. If 
we could get rid of the influence of the air, the stone 
and the feather would fall in the .same time. This 
can actually be verified by jH.*rforming the exj>eriment 
(or a similar one) in a vacuum. But it can also be 
shown in a much more simple manner : I^y a small 
fiat feather upon a penny piece and hold the penny 
horizontally with the feather on the top. If then yoa 

K 
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let the penny fall, it will be followed by the fgather, 
which remains f()r the whole time in contact with the 
penny. In this case the f>enny shields the feather from 
the resisting influence of the air, and then it is found 
that the two objects fall through the same height in 
the same time. We are finally led to the imfxirtanl 
result that thf time oentpied hy a body in falling to the 
surf ire of the earthy if dnpped from a point ab(n*f it, is 
ffidepefident of the upright of the bouy as 7£>e// as of the 
materials of 7vhich it is composed. 

There arc, of course, certain apparent exceptions 
to the generality of this statement. It will not, for 
example, be true of a balloon, or of a live sparrow. 
In each of these cases the air is made to supply a 
force which more or less overcomes the force of 
gravity, but if there toere no air then the balloon and 
the sparrow w’ould each fall to the ground just as 
rapidly as a 56 pound weight. We shall rot further 
refer to the resistance of the air, but shall discuss the 
phenomena presented by falling bodies as they occur 
in a space from which the air has been removed. 

We have by these < onsiilerations t l eared the way 
for an imj>ortant quantitative tleierminaiion. Taking 
a given portion of time, for example one second, we 
see that the distance through which a i>ody will fall in 
one second dejicnds neither upon the weight of the 
body nor on its composition. This distance is therefore 
a constant quantity for ever>' description of body, and 
it is of the utmost imix)rtance to determine that 
quantity accurately. The value of this quantity is 
slightly different at ditferem parts of the earth, though 
Ctmstant at each one r at any part of the United 
Kingdom it may be taken as 16 i feet. 
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5 Velocity acquired by a Falling Body. — It 

has hitherto been supposed that the stone was at rest 
before it was dropped, but wc shall now describe an 
experiment in which this condition is not fulfilled. 
Imagine the lift in a hotel to be a room 161 feet 
high, then, when the lift is at rest, a stone will take 
I second to drop from the ceiling to the floor. But 
now suppose the experiment to be re])eate<l when the 
lift is either ascending or descending with an uniform 
velocity. It will be found tliat, no matter what be the 
Velocity of the lift (provided it remains uniform for a 
second), and no matter whether tlie lift be going up 
or dowm, the stone will still take exac tly 1 second to 
fall from the ceiling to the floor. 

To illustrate the important conclusions which can 
be drawn from this experiment, let us make st>me 
suppositions with reference to the velocity of the lift. 
Suppose that the lift is descendinii:^ with a velocity of 
5 feet })er second. Then. sin< e it is found that the 
stone reaches the floor in i second, it is manifest 
that during that second the stone must have fallen 
through the 161 feet whic h is the height of the room, 
and also through the 5 feet by which the floor of the 
rbom has descended in the same time. 'I'he total dis« 
tance travcrse<f by the stone is therefore 
feet. It is, however, to be observed, that at starting 
the stone had the same velocity as the ceiling of the 
lift, ue, 5 feet per second, and therefore all will be 
explained by supposing that, in accordance with the 
first law of motion, the stone retained its velocity of 
5 feet |>er second, and that meanwhile gravity acted 
upon the stone so as to draw it 161 feet nearer 
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the earth than it would have been had gravity not 
acted. 

On the other hand, suppose that the lift had been 
ascending with a velocity of 5 feet per second, then 
the actual distance travelled by the stone in falling 
from the ceiling to the floor is 161 — 5 = ii'i feet 
'I'his will be explained by remembering that the 
stone had an upivard velocity of 5 feet i>er second at 
starting, and that therefore, in accordance with the 
first law of motion, it would have ascended 5 feet 
in 1 second had no force acted in>on it. It is, 
then, only necessary to suppose that gravity in this 
case draws tlie body 161 feet nearer the earth than 
it would have been had gravity not acted. 

We therefore see that whether the stone l)e at rest, 
or whether it l>e ascending or descending vertically, 
the effect of gravity in each case is to bring the stone 
in I second 161 feet nearer to the eartli than it would 
have been had gravity not been acting. 

By suitable <X)ntrivances it can be proved that 
a body dropjHjd from rest will, in two seconds, 
move over a space of 64*4 feet. Now w'e have 
already seen that in the first second the space de- 
scribed is 161 feet It follows that in the second 
second the space described by a body falling freely 
from rest is 64*4— 161 =48-3. It is thus obvious 
that the sjjace described in the second second is 
three times as great as the space described in the 
first second. To what is this difference to be 
ascribed ? At the commencement of the first second 
the body was at rest, but the body commenced its 
motion in the second second with all the velocity 
ti^ch it had acquired during tlte first. We are now 
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enab}^ to ascertain the velocity oi the body at the* 
moment when the first second was complctctl. Hy 
the principle just explained it appears that during 
the second second, as during the iiisi, the effect of 
gravity is simply to make the bcnly 161 feel nearer 
the earth than it would otherwise have been. Now 
the body moves altogether 48 3 feet in the second 
second ; and as the at lion of gravity during that 
second will only atxount for 161 feet, it follows that 
the residue of 32-2 feet must be due to the veloctity 
acquired in the Jirst second and possessed by the 
body at the beginning of the savnd second. 

We are therefore led to the very iinjK)iiant result 
that the veUx ity which a body ac(juires b)' gravity 
during a fall of one second is 32*2. It follows that if 
the force of gravity were entirely sus|>ended after the 
body had been acted upon by it for one se< ond, the 
body would then < ontinue to move on uniformly with 
the velocity of 32 2 feet |>er second. 

As a matter of fact gravity continues to act during 
the second second, so that the distance traversed 
by the body is augmented by 161 feet, and thus 
reaches the value 48-3 already spe< ified. 

• It need not be a matter for sur|)rise that, 
at the close the first second the velocity acquired 
is 32*2, though the distance moved over during that 
second is only i6-i. It will be remembered that the 
body starts from rest, and that, as its velocity in- 
creases, the distance which it travels in a given time 
mcreases also. It therefore moves much further in 
the last half of the second than in the first half, and 
consequently tlic total distance travelled must be less 
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than the distance which would have been accom* 
plished had the body been moving during the^whole 
second with the velocity acquired at its termination. 

I^et us now consider how far the body will travel 
in the third second. It might not be easy to ascer- 
tain this by direct experiment, but we can deduce the 
result by reascjning from what we have already 
learned. We have first to ascertain the velocity 
acquired by a body which has been falling for two 
seconds, because it is with this velocity that the third 
second is commenced. 

SupjK)se that the lift already described was de- 
scending with the uniform veloc ity of 32 2 feet per 
second. If a stone be let fall from the ceiling of the 
loom, it will, as before, reac:h the floor in one second. 
The stone will therefore have acquired, re/aiively to 
the room^ a velocity of 32 '2 feet per second- But 
the room is itself in motion with a velocity of 3a 'a 
feet per second. It therefore appears that the stone, 
when it fo fall, had already a velocity of 32*2 ; 

and that during its fall it ac<)uired an additional velo- 
city of 32-2, so that at its close the stone actually had 
a velocity of 32 2 4-32-2 = 64 4 feet per second- 

A body falling freely has at the close of tbe 
first second a velotdty of 32' 2 ; therefore, by the end 
of the second second, the body will have acquired 
a velocity of 64*4, and wdth this velocity it will com- 
mence the third second. The motion during the 
third second will therefore l>e comi>osed of 64*4 feet 
due to the initial velocity, and i6'i feet due to the 
effect of gravity, and tiierefore the total distance 
accomplished in the third second is 161 
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The velocity arejuired during tlic third second is 
again* 32*2, which, together with the velocity 64 4 
[X>S8es$ed at the beginning of this se< ond, gives 9 f> f> 
as the velocity at the beginning t)f the fourtlt second^ 
and therefore the distance traversed in the fourth 
second is 96 6 -f 161 =1 1 27. 

Wc are thus led to results whic h may be summed 
up in the folk^wing way ; 

Velocity at end of— 


I St secfiiul 

32 2 X 

1 = 

32*2 

2nd 

3 ^ 2 - 

2 = 

64 4 

3rd 

32 2 • 

3 = 

96 6 

4th „ 

32 2 . 

4 = 

128-8 

.Vc. 


iVc. 



Or in general : 

j 4 tfor/y /aliin<^ from rest aiyuires a i^ehdty 

whu'h is e(^ual to the priuiui t 0/ 322 and the number of 
seconds duriny 7 ohiih the motion has lasted. 

Similarly we have the following results, for the 
distances moved through in each of the consecutive 
seconds : 

Distance moved over during — 

j^st second i6 i x 1= 161 

2nd „ 16 I X 3= 4H-3 

3rd „ 161x5= 8 o'5 

4th „ 161 X 7=1 127 

Or in general : 

A body Jaliing freely from rest mtn*es offer spaem 
’ to the eonseeutioe odd numbers (1, 3, 5, 7,; 
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in each of the consccuftve seconds during whic^ the 
motion lasts. 

We are now able to find the total space through 
which the body will fall in a given number of seconds- 
It is, in fact, only necessary to add together the spaces 
described during each of the consecutive experi- 
ments, and the result is exhibited in the following 
scheme : 

Distance fallen from rest in 

1 second is i6'i x i*= i6‘i 

2 ,, ,, i6 i X 2®= 64*4 

3 .» »» 161 x.V'^=>44‘9 

4 „ „ 161 X4*=257'6 

We are therefore led to the following very im^ 
j>ortant result : 

If a body be al/moed to fall freely from rest^ it will^ 
in a gk^en number of seconds., mmr o7’<r- a distance which 
is found by multiplying the square of the number of 
seconds by i6*i. 

The velocity actjuire^l in one second by a body 
which has fallen from rest is usually denoted by the 
letter g ; the value of this ijuantity varies slightly at 
different parts of the earth’s surface. In London the 
value of g is 32* 19, and it differs vt\y little from 
32-2 at any jxirt of the United Kingdom. 

§ 76. Algebraical Expressions. — The use of al- 
gebraical symbols will enable the results at which we 
have arrived to be expressed ver)" concisely. 

Let V denote the velocity acquired by a body 
which has been falling freely for / seconds, and let s 
denote the numoer of feet over which the body has 
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move^ ; then the laws we have arrived at are thus 
expressed : 

r = .c/ i 

s = ii 

From these eejuations a third can be deduced 
which expresses the velocity in terms of the distance. 
Squaring each side of the equation i we have 

7/2 = ^ 2 /* 

and dividing this by the etjuation ii we deduce 

7.. ^ ^.2^ 

whence by obvious reductions we have 

7 -* = iii 

By the aid of the equations i, ii, iii, many problems 
relating to falling bodices can l>e solved. 

§ 77. Effect of the Initial Velocity. — We have 
hitherto supfKised that the stone or other body was 
simply dropped^ and that it was not ihrcnvn down. If, 
however, the stone were thrown dowm, we have .still 
the means of calculating the distance it will move 
over in a givtn time, as well as the velocity which it 
will acquire. In the act of throwing, the hand moves 
with a certain velocity, and the stone in the hand 
partakes of that velocity, and when released it starts 
off with that velocity. It will thus l>e observed that 
the effect of the act of throwing is merely to impart 
irtitial velocity to the stone. 

FxampU. — A stone is thrown downwards with an 
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initial velocity of 10 feet per second, it is required to 
find how far it will have fallen in 1 second. From the 
principles already illustrated, it is clear that the total 
distance must be 10 -4- 16*1 = 261. 

The case of a stone thrown upwards app)ears at 
first sight to i)resent somewhat greater difficulties, but 
this is not really the case, as all these (juestions can be 
solved by the following general principle : 

A body tbroiun in any direction luiil be 16*1 feet 
nearer the earth, at the end of t seconds^ than it tvould 
fiave been had grai'^fy not acted upon it, 

JExatnple. — A body is thrown vertically upwards 
with a velocity of 40 feet per second. Where will it 
be at the end of 2 seconds ? 

Had gravity not acted, the body would have 
ascended in 2 seconds to a height of 2 x 40 sas 80 



feet. 'Phe action of gravity will reduce this by 
1 6*1 X a* = 64*4 feet ; hence the actual height of the 
body above the ground >vill be 1 5-6 feet. 

f 78. Motion not in a Yertioal Lino. — We have 
hitherto referred only to motion in a vertical Une *, 
it will now be necessary to examine some cases in 
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which the motion of Uio body is not so restricted. 
From\ point, a, on the mast of a steamer (fig. 8a), a 
hall is dropped, and it falls upon the deck at a certain 
ix)int, H. VVe may for simplicity supiKisc that a is 
1 6*1 feel above the deck. When the steamer is at 
rest, the time taken by the ball to fall will of course 
be one second, and its path, a h, will be verticuil. But 
when the steamer is in motion, with a uniform velocity, 
it is found that the ball still falls precisely on the same 
s[X)l of the deck as when the steamer is at rest, and 
that the time occupied in tlie descent is exactly one 
second. If we su[)pose that in one setond the motion 
of the steamer is such as to carry the mast from a b 
to N M, then the actual path described by the l>all in 
its descent must be a curved line such as a .m. We 
therefore see that when the steamer is in motion 
the ball moves along the curved path a m in the same 
time as it would take to fall vertically through the 
height A B, if gravity had not acted upon the ball, 
the latter would in one setond have arrived at N, 
but when gravity does act the Ijall reaches M. Now 
the distance n m is obviously etjual to a b, and ia 
therefore i6'i feet ; and hence we see that gravity 
has brought the bail j6'i feci nearer the earth in one 
second than ^t would have been had gravity not 
acted. T*he same result would l>e found whatever 
was the height of the nrast, and therefore we are led 
to the £^eral conclusion that — 

A body prq/€ti€d /ioriuffttai/y unil at iht end of 
t seamds have faJUn through a space 0/ 16*1 feet. 

An experiment illustrating this principle may l>c 
made in an exceedingly simple manner. lake a 
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marble in each hand, and throw one of the marbles 
horizontally at the same moment as you drop the 
other. If your two hands be at the same height, then 
you will find that the two marbles reach the ground 
together. Suppose, for simplicity, that the height 
of your hands above the floor is 4 feet ; then the 
time taken by one of the marbles in falling is half 
a second. But, as both marbles reach the groimd 
together, the experiment show's us that a body at a 
height of 4 feet from the ground wdll, if projected 
horizontally^ reach the ground in half a second. 
Observe, also, that this is true whatever be the 
magnitude of the velocity, />., whether it be 5, 10, or 
any number of feet per second. 

§ 79. Motion of a Projectile. — We have now 
studied experimentally the effect of gravity upon a 
l>ody which has been projected either in a 7 *ortual line 
or in a horizimtal We have found that in each case 
the effect of gravity is to bring the body i6’i /* feet 
nearer the earth in t seconds than it w'ould othenvise 
have been. We are therefoie templed to inquire 
whether the same statement w'ould not be true for a 
body projecleii in any direction. In every way in 
which we can lest this suggestion we find it to be 
verified, and there cannot therefore b^ the slightest 
doubt that it is true. 

To illustrate the application of this principle, we 
shall consider the case of a ball projected in any direc- 
tion, and we shall show how the curved path in which 
the ball will move can be deduced by calculation. 

Let o (fig. S3) be the point from which the ball is 
projected in the direction o P|. Then, in consequence 
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of the first law of motion, we should find that if it had 
not for gravity the ball would reach p| in one 

second, P2 in two seconds, 1*3 in three seconds, and 
so on, where o p, = Pj p, = Pj P3, &:c. Hut if we 
w’ish to find w'here the body will actually l>e at the end 
of / seconds, the prinr iple just laid down will solve 
the question. Take, for example, / = 3. If gravity 
had not been acting, the body would in three seconds 
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Jiave reached the point P3. We can find where the 
body actuall)»is by taking a fioint a„ which is vertically 
beneath p, at the distance 16*1 x 3* feet. Similarly 
we can find where the body is after any other sf>ecifie<l 
number of seconds, and thus we obtain the points a,, 
Aj, &C. It is therefore obvious that the actual path 
which the body describes is represented by the curved 
line o, A„ A„ Aj, A4, &C. This curve is known to ma- 
thematicians as a parabola. 
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Questions. 

1. If a ball of iron and a ball of wood be dropped at the 
same moment from the same height, will they reach the ground 
tt>gcthcr ? 

2. Though a penny piece and a feather give a different 
result, show that this dc>es not invalidate the general law, that, 
so far as gravity is concerned, the time taken by a body in 
falling is independent of the mass and material of the body. 

3. If the velocity aetjuired by a Unly in falling freely for one 
second l>e what will Ih* the velocity at the end of 2 seconds 
or 3 seconds ? A ns. : 2 or 3 

4. Give the steps by which it is shown that a body falls 

from rest through feet in t seconds. 

5. Show that the number of feet through which a Ijcnly falls 
from rest is very nearly equal to the srjuare of the number of 
quarter seconds occupied in the descent. 

6. Find the veUxrity acquired by a Ixidy which has fallen 
from rest through a height of h feel. A ns,: 

7. A Ixxiy is projccte<l downwards with a velocity of 40 feet 
per second. How far will it have descended in 3 seconds ? 
A ns. : 264 9 feet. 

8. A lx)ily is prtqccted vertically upw.ards with a velocity of 
96 6 feet jicr'second. How long will it l>e licfore it reaches the 
ground ? Ans. : 6 seconds. 

9. How high will the Ixxly rcferrtxl to in the last question 
ascend? Ans: 144 9 feet. 

10. What will l>e the velocity of the Ixidy after it has bceto 

In motion for 5 seconds? Ans. : 64-4. « 

11. A l>ody is projected horixontally from a height of 64*4 
feet wdth a velocity of 20 feet per second. After what time will 
it reach the ground, and at what distance is the point where it 
(alls on the ground from the point vertically beneath the point 
of projection ? Ans. : 2 seconds ; 40 feel. 
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CHAPTER XT! I. 

THF. SFXONI> LAW OF MOTION. 

§ 8o. Mass. — It will be neressarj^ before dis- 
cussing the second law of motion, to exj)Iain clearly 
what is meant by the word mass. This word is some- 
times regarded as a synonym with 74V7>///, but the 
latter term is open to an ambiguity which, though not 
productive of inconvenience in ordinary* language, is 
apt to be a source of confusion to the student of 
mechanics. 'I'he word is sometimes used to 

denote a certain «juantity of matirr^ and sometimes 
to denote a certain force. In the former case the 
ambiguous word may be replaced by the word 

mass. In the latter case we may use the word gravi- 
iation. 

An illustration will show the necessity' for this 
distinction. 'Fhe mass of a piece of iron is, of course, 
a constant quantity at whatever ]>art of the earth the 
iron be placed ; but the gt asitation of the piece of 
iron depends not alone upon the iron, but also upon 
the earth by which the attraction is produced. The 
^bivitaiion of^ the iron will, indeed, be different at 
different places on the earth. 

As a matter of fact, we arc very* much in the habit 
of measuring the mass of a bexly by its grtwifaiian^ 
and hence these two ideas have become somewhat 
Confused. In the use of a common pair of scales we 
make use of the principle that al t/u same hcality equal 
masses have equal graintatwns, 

{ 8i. Aetion of Force upon Mmii. — A fuass of 
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one pound is allowed to fall from rest The force 
which acts upon that mass is the grcn^itation* oi one 
pound. We thus sec that when a force equal to the 
gravitation of one j>ound acts ujxjn a mass of one 
pound for one second a velocity g is produced. 

We have, however, now to consider a question of 
quite a different kind. Supjxjse that a mass of lo lbs. 
l>c acted upon by a force equal to the gravitation of 
1 lb., what velocity will be acquired in one second? 
If the force were ecpial to the gravitation of lo lbs., 
then, of course, the velocity produced w'ould be^. 
The question for us to consider is the velocity which 
a force only one-tenth of this amount will be able to 
produce. 

$ 82. Experiments with an Inclined Plane, — 

Constmct an inclined plane, of which the length is 
10 limes the height. Let this plane be carefully 
poli.shed, and procure a small tnick mounted on 
nicely-fitted wheels so that the friction is inappre- 
ciable. I.4?t the truck Ixi laden so that the mass of 
the truck and its contents taken together shall be 
equal to 10 lbs. 'I'hen, when the truck is placed 
upon the inclined plane so that it would run straight 
down if [)ennittcd to do so, a certain force must li»e 
expended to keep the truck from movKig. It appears 
from the principle of the inclined plane (§ 54), that 
the force which must l>e exerted parallel to the plane 
in order lo keep the truck up, must bear to the gravi- 
tation of the truck the same proportion which the 
height of the plane bears to its length. The force, 
therefore, which must lie exerted parallel lo the plane 
is equal to 1 lb. We thus see that in the motion of 
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the track down the plane a mass of lo lbs« is urged 
bf a fd^ce of i lb,, and therefore the ol>served motion 
of the truck will give us the infomiation which wc 
desire. 

VV^hen suitable arrangements f«»r measuring the 
motion of the truck are introdiu etl, it is possilde to 
ascertain with considerable at < iiracy the velocity 
which is acquired in one, two, or three seconds. 'J’he 
results are as follows ; - 

In I second lo 

„ 2 seconds 2.C-7-10 
.» 3 o aC-hio 

Wc are led to a very important result when wx* com- 
jiare these obscrv'ations with what we found in the case 
of a body falling freely. In the latter case a force of 
lo lbs. ac ting on a mass of lo lbs,, ifuparts a velocity 
g in one second, while in the former a fort:e of i !b. 
acting on a mass of lo lbs. imparts a velocity ctjual 

By varying the inclination of ilie plane it will 
always be found that the velocity ac(|uired in a single 
second is projxjrtional to the height of the plane, and 
ai^ the effective force of gravitation dow'n the plane is 
also proportioiKil to the height of the plane, we have 
the following iiiifjortant result 

A farce applied ta a body at rt.t rvill in one second 
impart to that body a velocity which is directly pro- 
portional to the force. 

By varying the mass of the truck and repealing 
the experiments, we obtain a series of results which 
may all be included in the following law. 

L 
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A farce applied to a bihiy at rest will in ont secand 
impart to that body a 7felocity la/uclt is inversely fro- 
porthnal to the mass. 

§ 83. Atwood's Machine. — These principles are 
of such great imjx^rtance, that it will be well to point 
out means by which they can l>e verified in a different 
manner. For this pur[)ose a < ontrivance may be 
used which is known as Atwood's Machine. Freed 
from the comj)hcation of details, the essential features 
Ki(.. H4. of this instrument are 



extremely simple. A 
pulley, i> c (fig. 84), is 
mounted with great de- 
licacy, so that the fric- 
tion with which its move- 
ments are retarded is 
practically insensible. 
On the rim of this pul- 
ley is a groove which 
carries a very flexible 
silken cord, to which 
the weights a and b are 
fastened. Attached to 
the vertical suppor^ 
are graduated scales 
by which the distance 
moved through by each weight in a given number of 
seconds can be ascertained. When the weights a and 
11 are equal, they of course remain at rest. If, how- 
ever, any addition be made to either w^eight, this one 
will descend and the other will rise. 

Let A and b be each 4*5 ounces* and kt one of 
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the weights, a, receive the additional piece shown ai 
It, which we shall supf>ose to weigh 1 ounce, a wall 
therefore dcrscend and, of course, lift uj) li. In order 
to apply the results given by Atwood’s nia< hine to 
other < ases we are obliged to make an assumption 
which exj>erien( e has shown to be tr\ie (§> 94). If a 
force etjual to the gravitation of k were ap]»lied to a 
single mass which was equal to the masses of a, b and 
£ taken together, a c^ertam veltx:ity would he j)rodiK cd 
in one second. 'I'he assumj>lion now made is that 
this velocity is really identical with tliat which ifi 
produced in one second in Atwood’s machine. With 
this assumption we may apply the movements ob- 
Ker\’ed in Atwood’s machine to ascertain the motion 
w'hich would be produced in a mass c<iual to the sum 
of the masses a, it and k by a force cxjual to the gra- 
vitation of K. In the ]>rescnt case the total weights 
would amount to 10, and the eftertivc force is 1 ; 
we may therefore ajjply the indications of the machine 
to give us information about the motion of a mas.s ol 
10 ounces w'hen acted upon by a force e<|ual to the 
gravitation of 1 ounce. The distance moved in one 
second is seen to be -i-ao. If w'e vary the mass of 
1^ though .still retaining the sum of the masses con- 
stant, w'e con* verify the* law that the distanee tftmred 
0Z*er in a time is direetiy proportional to the force. 

A different mode of making the ex]>erimenu 
is also inf^Tuctivc. If a and b are each ecpial to 
9*5 ounces while £ is still 1 ounce, the total mass set 
in motion is ao ounce^a. In this case it is found that 
in one second a distance of ^ -^40 is accomplished* 
As the force in this case is the same as before* it 
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appears that when the mass is doubled the distance 
accomplished in a second is halved. Making^ather 
changes in the masses, and observing the distances 
moved through, we infer generally that, if the force 
remain co fist ant., the distance described in a givm time is 
inversely proportional to the mass. 

Hy the use of Atwood’s machine, we are enabled 
not only to find the distance which is accomplished 
in a given time, but also the velocity which has been 
actpiired during that time. For this jnirpose certain 
arrangements are made, which are also shown in the 
figure. As the weight a is descending in conse- 
quence of its having received the additional load E, 
it passes through a ring placed at f. The ring de- 
tains the piece e, so that when a has passed through 
the ring it is no longer acted upon by any force, 
l)ecause its gravitation is counterbalanced by the ten- 
sion on the cord produced by the equal weight u. 
Under these circumstances the weight a, in accord- 
ance w'ith the first law of motion, continues to 
move on uniformly with the velocity which it hacl at 
the instant when the piece e was removed by the 
ring. To ascertain the amount of this velocity, a 
small stage <; is attached to the vertical rod i H, w^hicji 
is cajiable like the ring of being ad/usted at any 
height which may be desired. By counting the oscil- 
lations of the pendulum k, the time can be deter- 
mined which intervenes betw'een the moment when 
A piasscs through the ring and its arrival at the 
stage. As the velocity of a is uniform between the 
ring and the stage, and as the distance is known by 
means of the graduated scale on the rod i h, we are 
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enabled to determine the velocity with which the ^ 
weigRt A passes through the ring. 

'I'here arc three problems whi< h may bti solved by 
this contrivance, and we shall consider them sepa- 
rately. 

First . — To determine the connection between the 
velocity which has been accjuired and the time during 
which the force has been in a< tion. 

Hy placing the ring in j)ro|»er positions, it c.an Ik: 
arranged that the extra weight k shall be lifted off 
from A after one, two, three, \’c. seconds from the 
commencement of the movement. In this way it is 
found when the weights a, n and k are iint hanged, that 
thf velocity 7 ohich is acquired is proporiionai to the time 
durirrj^ which the force has h en in action. 

Second . — do determine the connection between 
the velocity w’hich has been ac<|uired and the magni- 
tude of the force by which the vt lo( ity has been pro- 
duced. 

For the .sake of illustration, suppose that the 
masses of a and n are each represented by 10, while 
that of the piece e is 1, and sup|>r>se that the move- 
ment has been going on for one second before k is 
1 'emoved by the ring. The velocity acquired is then 
found to be feet per second. If the piece E 

had a mass represented by 2, while those of a and B 
are each 9-5, the total mass set in motion is 21 as 
before, but the force is now 2, and the velocity 
acquired in one second is double what it was l)efore, 

Qi 2^-*- 2 1 feet per second. In the same way, if the 
mass of K were 3, w-hile the naasses of a and it were 
each 9, it would be found that the velocity acquired 
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^ vtv owe second would be threefold what it was in the 
first instance. We therefore see that t/ie ve/oaty ac- 
quired itt a ^ivcfi time by a force actmg on a given mass 
is directly proportional to the force. 

I'hird. — To determine the connection between 
the velocity which has been ac(|uired in a given time 
and the mass on which a given force acts. 

Let the masses of a and n be each 10 and that of 
S l>e I, then the velocity acquired in one second is 
-+-21. If K be retained at 1 while a and B are each 
reduced to 5 25, the toml mass is reduced to half of 
what it was at first. 'I’he velocity acquired in one 
secoml is then found to be or double what it 

was before. We thus find that ilie idocity produced 
by a gi 7 >en force acting for a given time is inversely pro- 
portional to the mass. 

§ 84. Algebraical Expressions. — The general re- 
sults of experiments such as those just described may be 
concisely stated in the form of an algebrait al expression, 
for the velocity which is ac<]uirc<l by a mass m when 
acted upon by a constant for< e f for a time /. We 
sliall suppose that t is expressed in seconds v in feet 
per second, and m in {K)iinds. W’iili reference to the 
units in which / is expressed a caution is necessary 
y is a force, and must be expressed m terms erf" a 
certain unit of force. 'I’he unit of force is the gravi- 
tation of a mass of one pound. It is necessary to 
understand cle*-!!!}' that the unit of force is a magnitude 
of a totally difl'erent description from the unit of mase, 
in terms of which m is measured. As each of these 
units is indifferently termed a pound, it is the more 
necessary to use great caution. 



Ai^ehraicai Expressions. 1 51 

Ve. experiments have shown ns that the velocity 
acquired is directly pro|>ortional to the force and 
time and inversely proj>ortional to the mass. We 
therefore have 

7 ‘ = x/t m 

where .v is a numerical (juaniity, which must be de- 
termined. We can employ for the determination of x 
the iwticular details of any of the experiments winch 
have been described. The most convenient is that 
in which a body of mass i lb. is allowed to fall freely 
from rest for one second. In this ca.se the velocity 
stctpiired is and as /, and m are each unity, we 
must have 

and therefore finally 


§ 85. Exprecsion for the Diitance. — It remains 
to determine the expre.ssion for the distance which 
the body will move over in a given time. shall 

suppose as before that the body is initially at rest. 
On a line o .^ set off a 
distance oa (fig. 85), which 
Nhall express the time t 
according to some unit of 
length which may l>e con- 
veniently chosen, SupjK>se, for example, the numbeu* 
of inches in o a is taken equal to the number of 
seconds in /. At a draw a line a » perpendicular to 
o A, and take the point 11 so that the length a h shall 
demote the final velocity v. Sup[x>se, for example, 
that the number of inches in a a is equal to the 
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number of feet per second in the final velocity. Join 
OB, then the velocity of the body at any^given 
moment of time can be immediately found For 
tike the point p so that the length op represents 
the given time, and draw pq perpendicular to oa. 
Then from the similar triangles we have 

Q p : B A : : o p : o A 

but we have already seen that the velocity acquired is 
proportional to the time, wherefore the velocity at the 
time corresponding to p must bear to the velocity at 
the time corresponding to a the ratio o p : oa, which 
is eciual to the ratio g p : P a ; but we have agreed that 
ilie veKx'ity at a shall be rej)resented by a n, and 
therefore the velocity at p will be represented by g P. 
If we take any other point }»', the velocity at the 
lime which corresi)onds to p' is represented by the 
line p' g'. 'Fhe distance described in a given interval 
of time would, if the velocity were uniform, be equal 
to the product of the velocity into the time. At the 
time P the body has the velocity denoted by p Q. If 
it were to retain this velocity for the time represented 
by P p', the dist ince accomplished would be repre- 
sented by p Q X p p', that is, by the area of the 
rectangle p g x p'. On the other hand, if the body 
had the velotnly p' g for the time p p', Uic distance 
traversed would be p' g' x p p\ or the area of the 
rectangle p p' g' y. As a matter of fact the velocity 
during the time p p' is not constant, but increases 
from PQ at the beginning to p'g' at the end. It 
foUoDvs that the actual distance which the body moves 
over in the interv^al of time pp' must be less than 
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the number of units in the area p p' q' y, and greater 
than fiiose in p p' x Q. We therefore have a higher 
and lower limit to the distance accomplished in the 
time P p'. If p' be taken excessively close to p, the 
two limits are exceedingly close together, but however 
close they may be, the area of the four-sided figure 
pqq'p' is always intermediate to them. We may 
therefore assume that when p and p' are indefi- 
nitely close together, the space described in the time 
p p' is represented by the area of the figure p Q q' p'. 
It can similarly be shown that during the next small 
interval of time p' p", the distance described is rcj)rc- 
sented by the area of the trapezium i »' q ' p hence 
the distance described dining the time p p" is repre- 
sented by the area pqq''p ". by similar reasoning 
the distance described in the whole time o a is shown 
to be represented by the area o a p. But since the 
triangle o a b is half of the rectangle whose base is 
o A and whose height is a b, w'e see that 

OAB = ^OAXBA 

or, putting s for the sjjace represented by the area o a b, 
s=gjfl^2m 

ulicnce we deijve the following important result : 

A body initiaiiy at rest^ 7i>/wse mass is ra pounds^ 
beif^ acted upon by an uniform force of f pounds for a 
time of t seconds, unli at the end of that time have 
merved over a distance gft* -f- am. 

{ 86. Effect of Initial Velocity.— We have hitherto 
sup}>osed that the body was initially at rest We must 
now see how the above expressions must be modified 
when this condition is not fulfilled. Let the body 
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have a velocity v* at the commencement of its motion, 
and let the direction of this motion be the sam^ as the 
direction in which the force is tending to move the 
body, it is |)ro[>osed to find the velocity which the 
bo<ly will have acquired at the end of the time /, and 
also the distance over which it will have moved. 
Observation has shown that the force f acting upon 
a mass w, will in the time t give that body a certain 
increase of velocity. The anioujti of that increase is 
found to he totally independent of any t'clocity tv hie h tin 
inniy may hare pret'iously possessed^ and is e</ual to 
gft -i- m. It therefore appears that if the body had 
initially the velocity r\ its velocity v at the time t 
roust be found by the formula, 

2/ s= 7*' 4- ^/t 4- m. 

The distance which is accomplished in the time / 
is equal to the distance r '/, which would have been 
accomplished if the body had possessed the initial 
velocity alone, augmented by the distance 4- 2 m 
which would have been accomplished in conse([uence 
of the force. 'Phe total distance s is therefore given 
by the fomiula 

s = v’t 4- ^i;/t^ 4- 2w. * 

< 

If the initial velocity had been in the opposite 
direction to the force, the formulae would have l^n 

4- m 

4- 2m, 

The various results to which we have been con- 
ductetl in this chapter lead to the enunciation of a 
very important truth, which is known as th? Socood 
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I^w of Motion. This law, tlionpjh capable of l)cing 
concis^y stated, really embraces some of the most 
fundamental truths in nature. S|H‘rial attention is 
requisite, not only on account of the great importance 
of the subject, but also because of the dillicnilty of 
thoroughly understanding a projosition of such wide 
generality. 

87. Momentum.— The ]>roducn of the mass of n 
body and the velocity with which that iKKly is moving 
has received the special name of mommtum, I'hus 
taking the units we have adojUed it apixjars that the 
momentum of a mass of /// pounds moving wath a 
velocity of ?• feet jicr second is rcj)rescnted by the ex- 
pression w7'. 'rhe experiments with Atwood's machine 
have led to the formula 

V = i^ft ^ m 

whence 

The numtmtum acejuired by the mass w^hen acted 
u|x)n by the force / for the time i is therefore 
This result will provide us with a simple methcKl of 
comparing the effu iency of two forces / and /'. 

M and Af denote the momenta which would l>c 
g^erated by the forces / and /' respec lively if each 
were to act for the same time /. Then we have 

M - gft 

whence M : A f 

We therefore see that the momentum [iroduced 
by a force acting for a given time is j>roportional to 
the magnitude of the force. It would thus 
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that the most natural method of measuring ^a force 
would be founded upon ascertaining the momentum 
which that force would be capable of generating in a 
given time. 

A body may have been moving before the force 
is applied, it is therefore necessary to consider in w'hat 
way the initial momentum of the body is affected by 
the subsequent aiiplication of the force. This is simple 
enough in cases where the direction of the initial 
velocity is the same as that in which the force acts. 
IvCt v* be the initial velocity, then we have as before 
V — v' 4 - tn 

and multiplying by w : 

= mv' 4- 

The original mt>montuin was wr and the change 
in momentum is whence we may assert that the 
change in momentum is proportional to the force, 

§ 88. Change in Momentiun. — The cases w'here 
the direction of the force docs not coincide w'ith the 
direction of the original velocity are somewhat more 
difficult It is still true that the chang^e in momentum 
is proportional to the force, but it is necessary to 
Ki<;. 86. understand very clearly w’hat is really 
meant by the change in momentum. 
Let the line oa represent both in 
magnitude and direction the original 
momentum of the body (fig. 86). 
After the lapse of a stated interval of 
time, for example one second, sup- 
pose that the force has so modified 
the original motion that the momentum with which 
the body is actually moving is represented both in 
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the change of momentum. He may imagine that he 
ought to find some proof that the change of r.iomen- 
turn is represented by o c (fig. 86). This however is 
a mistake ; define the change of momentum to be the 
momentum represented by the line o r, and what our 
exyierience shows us is that the change of momentum 
so defined fulfils the second law of motion. 

§ 90. Illustrationf. — Supjxise a body whose mass 
is 3 ll)s. to be moving with a vel(x:ity of 5 feet per 
second. Let an imifonn force act upon the body in 
the direction of its motion for one .second. If the 
velocity of the body be now 20 feet per second, what 
must lie the magnitude of the force ? 

The original momentum of the body is 3 x 5=15, 
and the momentum after the force has acted for a 
second is 3 x 20 = 60. The change in momentum is 
60-15 = 45. 

The second law of motion tells us that the force is 
proportional to the change of momentum, and there- 
fore the re<iuired force is 45 times the force which 
would generate the unit of momentum in the unit of 
time. 'Lo evaluate this force in pounds we know that 
a mass of i lb. will in falling from re.st acquire in one 
second a velocity g. A force of 1 lb. will therefore 
produce g units of momentum in one second, and 
therefore the required force is 45 -i- g. 

A body whose mass is 25 lbs. is projected hori- 
xontaily with a velocity of 10 feet jier second- If the 
action of gravity be considered, determine the velocity 
of the body and the direction in which it is moving at 
the end of ant second. 

The change of momentum being proportional to 
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Since M is proi>ortional to the product of / and 
/, we must have m 

but when / = i and /= i lb. we must have M equal 
to gy whence x = and finally 

or by a simple transformation 

/=M-^g/. 

By this equation we are enabled to determine the 
force by the action of which during a given time a 
given change of momentum has been produced. As 
the effect of a given force in generating momentum is 
quite independent of gravity, it may seem strange to 
find the constant g contained in the formula. This 
arises from the circumstance that we have chosen the 
gravitation of a certain weight (/>. i lb.) as our unit 
of force, and therefore the expression of any force 
in terms of this unit must involve gravity. We have 
thus a very convenient method of calculating the 
change t>f momentum when the force and the time are 
known, or the force when the time and the change of 
momentum are knowm. This may be illustrated 
the following problem : 

A body which weighs 4 lbs. and had an initial 
velocity of i o feet {>er second is found after 3 seconds 
to be moving w'ith a velocity of 50 feet per second in 
a <lirection which is inclined at an angle of 30® to the 
original direction. Determine the direction and mag- 
nitude of the constant force by which this change was 
produced. 
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Draw o a (fig. 88 ) to represent the original mo- 
mentUfen, and o h to represent the final momentum, 
the angle aoh being etjual to Fu*. es. 

30®. I'hcn completing the a 

])arallelognim, we find that the 

change of momentum, accorti- 

ing to our definition of that 'n. 

phrase, is represented by o i». 

7I1C second law of motion ** * 

asserts that the direction of the force must have l)een 
{larallel to o i*, and the magnitude of the force pro- 
tX)rUonal to o 1*, and we have generally — 

whence in the present case— - 

f =. o I' 96*6. 

If the figure be < onsiructctl, the length o p can Ixr 
measured and ^^ill be found to l>e 40 4, whence 
/ z=z 0 42 lbs. 


§ 91. Motion in a Circle. Another very im]>ortant 
illustration of the principles we have Ixren « oiisidering 
is presented in the study of the motion of a b^xiy in a 
circle. 

It is asserttd in the first law of motion that a Ixxly 
once moving uniformly in a straight line will continue 
to move on uniformly in the same straight line unless 
it be acted upon by force. We may, therefore, infer, 
that if the motion of the Ixxly does not remain uni- 
form some force must Ix^ in action, and we have 
already explained how the magnitude of the force is 
to be ascertained by measurement of the change in 



It will, however, be sufficient for our purpose to 
consider the question under the most simple form 
which it is capable of assuming. We shall suppose 

that the body is mov- 
ing in a circle^ and 
that the velocity with 
which it is animated 
is uniform^ and what 
we have to ascertain 
is the force which acts 
upon the body so that 
its path shall remain 
circular and its velo- 
city remain uniform. 
The first jxjint to be 
demonstrated is that the force is constantly directca 
tmtHsrds the centre of the circle. This is indeed ob- 
vious from the symmetry of the case, for there is no 
reason why the direction of the force should pass at 
one side of the centre rather than at the other. It is, 
however, easy to demonstrate the same property as a 


Fig. 89. 
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direct conse<quence of the second law of motion, Ijct 
A, » b% two positions of the body (%. 89), and let a x 
and H Y l>e the tangents to the circle at a and b. 
Then the InKiy at a may l»e momentarily considered 
to Ix! moving in the direc tion of the tangent a x, 
and at u in the tangent 11 v. Draw through o the 
ecpial lines o r and ocj. parallel to ax .and i« v, and 
proiK>rtional to the momentum of the body. Join rg : 
then the change of momentum is represented, txjth 
in magnitude and direction, by i‘ c^. jlut if o c: be 
the bisector of the angle a o n, then the line is 
easily seen to be parallel to ck, d'he change in 
the momentum of the body between a and n is 
therefore parallel to the bisector of the angle a 0 h. 
If the change in momentum between a and n had 
been produced by a fon e whi< h was constant in 
direction and magnituc!e, that force must have been 
parallel to oc:, Ix*t us now sup|K>se lliat a and 11 are 
so exceeciingly « Icjse together that the lines ci a, o b, 
oc are indistingui.shable, then it is obvious that 
the change of mermen turn, and conse<juently the 
acting force, must lie in the direction of the 
radius. 

• § 93. Ma^|iiitade of the Force. — It remains tode> 

terrainc the magnitude of the force in terms of m the 
iiKiss of the lx>tly, the veltw ity with w'hich it is 
moving, and r the radius ol the circle. Wc shall 
8up[>ose that a and n arc exceedingly close together, 
and that the distance a r. is traversed in the »hort 
time /. Since o p and o Ki are per|x;ndicular to o a 
and o B resj>eciively, the angle v o g is equal to the 
angle a o h, and therefore taking the arc a B so small 
M 3 
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that it can be regarded as identical with its chord, 
we have from the similar triangles o a » and pofj : 

p Q : o Q : : A B : o A 

Substituting for og, a b, and oa the values /;/?', 7'/, 
and r respectively, we deduce : 

I* Q = w 7/* / -t- r, 

but p Q is the change of momentum produced by the 
force in the time /, hence from § 90 we have for the 
force f the expression : 

or by substitution : 

f = ffi 7 '* gr. 

The result at which we have arrived may be thus 
stated : 

If a body whose mass is m |)ounds l)e revolving in 
a circle (d radius r feet, with an unifonn velocity of v 
feet j>er second, the lK>tly must be constantly urged 
by a force which is directed towanls the c entre of the 
circle, and when expressed in i>ounds is eciual to 
m r* -j- g r. 

§93. Sxample. — If a Ixxly weighing 10 lbs, be 
moving in a circle whose nidius is 8 feet, with a velo- 
city of 9 feet j>er second, what force must be con- 
stantly exerted towards the centre of the circle? In 
this case iw=io; 7' = 9; r ss 8 ; and w'e may take g 
to be 32*2, whence the answer is 10 x 9* 8 x 32*2aas 

3 *4 lbs. 

Suppose that we had a smooth horixontal plane 
on which a wxight of 10 lbs. could slide without 
friction. If this weight were fastenetl to one end of a 
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string 8 feet long, while the other end of the string * 
was Jrttached to a point in the plane, and if the weight 
were then started ofif to revolve in a circle with the 
velocity of 9 feet per second, the motion would con- 
tinue indefinitely, and the tension of the string (which 
we can easily conceive to he showti by a dynamo- 
meter) would be 3*4 lbs. In this case the tension of 
the string will constitute the force which, acting tijion 
the weight, c auses it to move in the cirt le. 

If the velocity of the vveight were doubled, the 
Other daLi remaining the s.ime as before, the tension 
of the string would be cjiiadrupled* 

We might also imagine the movement to take 
place in a dilTerent manner : Construe t a small 
circular railway of 8 feel radius on a hori/.cjntal 
plane, plac e on it a true k whic h weighs 10 ll>s., and 
start off this truck by an impetus which will give it 
the initial velocity of 9 feel jier second, then as the 
railway is supj>osed to l>c friciionless, the truck will 
continue moving round and round uniformly without 
receiving any other impulse. In this case the re- 
action of the rails against the w heels of the tnick will 
provide the necess;ir) Icjrc e w ine h is directed towards 
•the centre of the circ le. 


Qckstions. 

1, If a truck run an mclirww! planer wh<m> height h 

the mh part of 11% length, i*hat velocity will Ijc acquircsl in one 
second if friction l>e neglected ? -f- n. 

2, WTiat distance will f*e acooinplislied tty the truck in / 
seconds. Wsrr. . i ^ n. 
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3. Show that the velocity the truck will have acquired at 
the moment when it reaches the Ijottom of the plane is e^ual to 
the velocity which it would have acquired by falling freely from 
rest through a distance equal to the height of the plane. 

4. Determine the velocity which a force of i lb. will impart 

to a mass of 20 lbs. in 3 seconds. : 3^’' -7- 20. 

5. A force which in one second can generaie a certain velo- 
city in a certairr mass will in the same time only generate half 
the velocity in another mass. Compare the two masses. Ans.: 

1 : 2. 

6. If weights of 6 ounces and 7 ounces be attached to the 
extremities of a cord which passes over a frictionless pulley, how 
far will the heavier weight dcsceml it\ t seconds? Ans. : 

* 3 - 

7. What vel(x:ity will l>e ac<juired in the same time? Ans.: 
A'f 13- 

8. If the tw'o weights Ik* each 4 ounces, and if an additional 

weight of one-tenth of an ounce Ik* addeil to one side, in what 
time will a tlistancc of 4 feet bo accomplishe«i ? ^ 4*5 secs. 

9. 'I'he sum of the two weights in Atwoocl’s machine is lO 
ounces and the va ! ity ac«|mrcd in 3 seconds is 2 feet J-kt 
scctmil, what must tlie weights Ik ? Am.: 5’104 and 4-896. 

10. A m.iss of 5 lbs. having an initial vcltHrity of 4 feet jkt 
second is aclctl uj>on by a foicc of lo lbs. in the s^uue direction 
as the initial motion. What will K* llu- vchn ity at the end of_ 
two seconds? Ans.: 132 S. 

1 1. What is tlie mornt m/mw of a Nnly w hose mitss is 3 lbs. 
and vchx'ity 9 feet per secoml ? Ans. 27. 

12. What momentum will Ik* prinlucctl by a force of 
f pounds acting for t setnmds ? Ans. • .<'■ / t. 

13. If a Ixxly w hich weighs 9 lbs. have it* velocity altered 

from 3 feet jK?r secoml to 1 1 feel jxrr second in the same straight 
line, what is its ? .^ns.: 72. 

14. What force must have acted upon a body for / seconds 
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to have produced a change of momentum equal to M ? Ans, : 
M 

15. If a mass of 4 lbs. move with a velocity of i foot per 
second in a circle whose radius is i foot, determine the force 
with which the mass is urged towards the centre ? Ans,: 

16. A railway truck weighing 5 tons is moving round a 
curve of 100 yards radius with a velocity of 10 miles hour. 
What horizontal force must be apjdieil by the rails? Ans,: 
249 lbs. 


CHAPTKR XIV. 

1KR thikh i.aw ok .moiion. 

§ 94. Entinciation. — 'Phe third law of motion 
which W'a.s enunciated by Newton may 1 )C thus ex- 
pressed : 

To etrry artum thore is always an rqual ami con- 
trary reaction,, or the mutual actions of two hofiies are 
always a/ual an A opfH^sttelx directeA. 

§ 95. Illtiftrations. — 'fake first the very simple 
cJisc of an o^je< t, su|>j>r>sc a IxkA, rt*sting upon a 
table. The Ixrok is acted upon by gravitation. Yet, 
as it remains at rest, the effect of gravitation must be 
exactly balanced by some equal and opposite force ; 
that force is the reaction of the table. A magnet 
attracts a piece of iron, but at the same time, the iron 
also attracts the magnet with a force w hich is precisely 
equal and opposite. This may be proved experimen- 
tally by fastening a magnet in the bow of a small boat and 
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a piece of iron in the stem. The attraction which the 
magnet exerts upon the piece of iron produces force 
which tends to urge the boat onwards, but experiment 
shows that we c-annot thus move the boat. No matter 
how i)owerful the magnet may be or how easily the 
boat may be moved, it is found to remain at rest. 
'I 'll is can only be because the piece of iron exerts a 
force on the magnet which tends to pull the boat 
backw’ards witli jirecisely the s;une force as the attrac- 
tion of the magnet on the iron tends to pull it for- 
wards. If the magnet be held in the hand, as in the 
common toy, then the reaction is sustained by the 
hand and not by the 'ooat, and the action of the 
magnet upon a jiiece of iron attached to the boat, not 
being neutralised by a corresponding reaction, the 
boat will move along. 

§ 96. Atwood*! Machine. Let p and q be tw^o 
weights which are attachetl to the extremities of a 
cord that passes over a pulley and let p be greater 
than Q. Ix.‘t X denote the action of the weight p 
uixm the weight q, and let y denote the reaction of 
the w'eight q u\K)n p. It is to be shown that the 
forces X and y are identical. The effective force 
which acts on p is p — y, while the forc^ on y is x — 6. 
As the velocity of the two weights is alw'ays the 
same, though, of course, in opposite directions, we 
must have the equation. 

p— Y_x— 9 
p Q ■ 

This is. how’ever, not sufficient, for we ^lave only 
one equation betw^ecn the tw’o unknoivns x and y. We 
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have, therefore, to resort to exj)eriment, to obtain 
another equation which will render the values of x 
and Y detemiinate. It is observed that the velocity 
which is acquired in a given lime is etjual to the 
ve ocity which would have been ac(|uired in the same 
lime by a mass of if acled upon by a force p — g, 

whence we deduce ; 


v — y I* — 

»’ ” I* 4- g 

X — I' — g 

g »’ 4- g’ 

from which ; 

x=v=J'-':9. 

r + y 

The observed facts are, therefore, only consistent 
with the sup|w)sition that even during the motion of 
Atwood’s ma< hine the action f)f the wtright e upon g 
is precisely iqual and o[»posite t(» tl»e reaction of g) 
u]>on r. rius illustration will show that while the 
third law of motion expresses an undoubted truth, yet 
like the other two laws of motion, that truth is only 
to l>e established by an induction based on obscr> 
vmtion and experiment. 


JCickmrd Claj Cy" 6r* 













